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Abstract

The Gross Domestic Product (GDP) is a popular proxy for aggregate welfare in many
practical settings. However, a theoretical inadequacy of GDP is that its definition rests
on the notion of a “final good”, and as a result is only well-defined within what we call
the consumer-firm model of economics. In this paper, we proposed a new metric of
welfare, that we term “observable utility”, which is defined in a more general context.
We prove some basic results about the validity of this metric, and demonstrate that it
acts as a natural generalization of GDP, noting the conditions under which it reduces
to the latter.
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1 Introduction

The Gross Domestic Product (GDP) of an economy is defined either as the total
expenditure on all final goods, or as the total end-incomes – here, a final good is
defined as a good bought by consumers, and an end-income is an income earned
by individuals (rather than firms) including wages, rents, interests and profits
[1].

The motivating assumption for these definitions is what we call the consumer-
firm model. In this model, spending by consumers is considered to be consump-
tion (i.e. purely for the purpose of maximizing utility, rather than as an invest-
ment to increase future consumption) while spending by firms is considered to
be investment and does not have inherent value [2].

Therefore, e.g. firm revenue is not separately added to GDP, but instead
considered to be accounted for in where the revenue is later spent (e.g. wages,
profits).

Note. It is not sufficient to say “to avoid double-counting” – all income flow is
circular, not just firm revenue, e.g. wages are later spent on goods that flow
into their makers’ wages.
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However, this is a very specific and arbitrary model (see Sec. 2.1 for examples
of situations that are difficult to fit into this model) – in general, a particular
transaction may be motivated both by its inherent value (inherent utility gain)
and by its value as an investment (an obvious concrete example is education).
In any case, a general measure of welfare is desirable.

While many metrics of welfare are known to the field of welfare economics [3],
we are particularly interested in a measure that acts as a natural generalization
of income, or GDP, as a measure of welfare – this principle will motivate our
definition of observable utility.

It is worth keeping in mind that our approach is similar in spirit to that of
compensating and equivalent variation [4][5], but our goals and construction are
different: instead of measuring the impact of economic and regulatory changes
on welfare, we are interested in an overall measure of welfare that should be
seen as a generalization of income.

1.1 Conventions used in this paper

We use a directed graph representation of an economy (denoted by symbols such
as E), with the following conventions:

• Addition of agents into an economy is denoted as E∪α, with the interaction
of α with the existing nodes clarified separately.

• Agents are denoted by vertices, transactions of goods between agents are
denoted by directed edges. Each transaction is marked by a quantity Q.

• The utility function of an agent is denoted as a function of the quantities
of each transaction it engages in, U(Q←,Q→) where Q←, Q→ are vectors
representing all buying and selling transactions by the agent respectively.

We define the following algebra on transaction vectors (such as Q←, Q→):

• Addition of transaction vectors Q1 + Q2 – the union of two sets of edges
from or to the same vertex. We can also, as a shorthand, add single
transactions by considering them to be singletons: Q1 +Q2. Subtraction
is defined when one set is contained within another.

• Magnitude of a transaction vector |Q| – reduces a vector of quantities of
each transaction to a vector of quantities of each good (i.e. a basket),
regardless of the specific agent the transaction was made with.

• Inner product of basket with a good 〈|Q|,G〉 – represents the quantity of
good G in basket |Q|.

Finally, regarding allowability of a quantity configuration (Q←,Q→):

• We distinguish between physical allowability of a configuration (e.g. it
is physically impossible to produce steel without iron, so a configuration
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that produces more steel than iron is physically impossible) and envi-
ronmental allowability (i.e. configurations consistent with other agents’
policies/attainable by the agent from negotiating with the other agents).

• Rather than letting utility be −∞ for physically impossible quantity com-
binations, we will simply restrict the domain of the utility function.

• The operator max
Q←,Q→

U(Q←,Q→) takes the maximum of a function among

physically allowable combinations (Q←,Q→); the operator
E

emax
Q←,Q→

U(Q←,Q→)

takes the maximum of the utility function among environmentally allow-
able combinations (Q←,Q→) in an economy E .

2 Observable utility

The purpose of defining a metric of welfare is that an agent’s utility itself can-
not be measured, or meaningfully compared across agents – doubling a utility
function has no impact on the agent’s behaviour. The intuition for the notion
of observable utility is that it measures utility directly in terms of interactions
with other agents, therefore creating a standardized metric of utility.

Definition 1 (Perfect welfare unit). Consider economies E , E∪ω, where ω(QM)
is an agent who freely supplies a quantity QM of a specific good M to agent α.
Furthermore, M satisfies the following properties:

• No agent in the economy holds M to have inherent value, i.e.

∀α ∈ E , Uα(Q← +Q←M,Q
→ +Q→M) = Uα(Q←,Q→) (1)

• An agent’s environmentally maximal attainable utility should strictly in-
crease with the free provision of M, i.e.

QM,1 < QM,2 =⇒
E+ω(QM,1)

emax
Q←,Q→

U(Q←,Q→) <
E+ω(QM,2)

emax
Q←,Q→

U(Q←,Q→) (2)

• Furthermore, it should be possible to attain any physically allowable utility
by only supplying M for the agent to spend, i.e.

∀(Q←,Q→), ∃QM, U(Q←,Q→) =
E+ω(QM)

emax
Θ←,|Θ→|≤|Θ←|

U(Θ←,Θ→) (3)

• Finally, for the sake of meaningful comparison between agents, we must
ensure that an expenditure of the same quantity of M can buy the same
goods for all agents. Thus, we require that the utility of agents in the
economy is a function purely of the goods and services they trade, rather
than directly on the identities of the agents they trade with – i.e.

∀α ∈ E , Uα(Q←,Q→) = Uα(|Q←|, |Q→|) (4)
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Then M is called a perfect welfare unit and ω is called a perfect observer.

Definition 2 (Observable utility). Let α be an agent, M be a perfect welfare
unit and QM 7→ ω(QM) be an indexed set of perfect observers. The minimum
QM for which α will agree to cease all outward transactions in any good except
received goods is called the observable utility of the agent in units of M,
which we will denote hereby as ΥM.

Mathematically: ΥM(Q←,Q→) is such that

U(Q←,Q→) =
E+ω(ΥM(Q←,Q→))

emax
Θ←,|Θ→|≤|Θ←|

U(Θ←,Θ→) (5)

Theorem 1 (Uniqueness of observable utility). Definition 2 is well-defined –
the quantity ΥM defined in Eq. 5 exists, is unique, and is indeed the smallest
QM for which the agent will agree to cease all outward transactions.

Proof. Existence follows immediately from Eq. 3. Uniqueness and minimality
follow immediately from Eq. 2.

Theorem 2 (Justification for calling observable utility a welfare metric). Let
α be an agent with utility function U(Q←,Q→) where Q←,Q→ are the vectors
of quantities of goods bought and sold by the agent respectively. Then where M
is a perfect welfare unit, U(Q←1 ,Q

→
1 ) < U(Q←2 ,Q

→
2 ) ⇐⇒ ΥM(Q←1 ,Q

→
1 ) <

ΥM(Q←2 ,Q
→
2 ).

Proof. We prove the backward implication, and the forward implication follows
as in this case the contrapositive happens to be identical to the converse.

Consider the mapping E 7→ E∗, where E∗ is identical to E , except that the
agent α is not physically permitted to make any outward transactions in any
good except received goods – i.e.

E∗
emax

Q←,Q→
U(Q←,Q→) =

E
emax

Q←,|Q→|<|Q←|
U(Q←,Q→) (6)

Note that (E+ω)∗ = E∗+ω. Now, assume ΥM(Q←1 ,Q
→
1 ) < ΥM(Q←2 ,Q

→
2 ).

Then by Eq. 2,

E∗+ω(Υ(Q1))
emax

Θ←,Θ→
U(Θ←,Θ→) <

E∗+ω(Υ(Q1))
emax

Θ←,Θ→
U(Θ←,Θ→)

Rewriting via Eq. 6,

E+ω(Υ(Q1))
emax

Θ←,|Θ→|<|Θ←|
U(Θ←,Θ→) <

E+ω(Υ(Q1))
emax

Θ←,|Θ→|<|Θ←|
U(Θ←,Θ→)

Rewriting via Eq. 5,

U(Q←1 ,Q
→
1 ) < U(Q←2 ,Q

→
2 )
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Theorem 3 (Conditions for observable utility to equal income). Let M be a
perfect welfare unit. Consider the following model of an agent α:

• The outflows of goods that are not M are environmentally tied to inflows
of M (i.e. α works for money).

• The inflows of goods that are not M are environmentally tied to outflows
of M (i.e. α spends money on goods).

• α does not inherently value its work, i.e. U(Q←,Q→) = U(Q←).

Then, given that α has maximized its utility, the quantity of α’s M inflows
equals its observable utility, i.e.

〈Q←,M〉 = ΥM(Q←,Q→) (7)

Proof. We must show:

E+ω(〈Q←,M〉)
emax

Θ←,|Θ→|≤|Θ←|
U(Θ←,Θ→) = U(Q←,Q→)

Or since U is a function only of its inflows and α has maximized its utility:

E+ω(〈Q←,M〉)
emax

Θ←,|Θ→|≤|Θ←|
U(Θ←) =

E
emax

Q←,Q→
U(Q←)

As in E , the environment E + ω(〈Q←,M〉) permits α to purchase the goods
Q←− 〈Q←,M〉 with the money 〈Q←,M〉. As the model requires that the only
source of M (other than ω) for α is payment for its outflows, which are banned
in E + ω(〈Q←,M〉), and the only source of utility-providing goods is M, α is
not able to increase its utility further.

2.1 Examples

Example 1. The following descriptions are fundamentally equivalent.

• Bob buys iron from Alice at price p to produce steel for sale at price q.
Bob’s income is q, Alice’s income is p.

• Bob runs a firm, which buys iron from Alice to produce steel for sale.
Bob’s income is the profit q − p, Alice’s income is p.

Since only the latter formulation obeys the axioms of the consumer-firm model,
only the latter answer is correct within the model. More generally, however, one
may calculate the observable utility in either formulation. Assuming Alice and
Bob don’t inherently value their work: paying Bob q − p to stop selling steel
will work; paying Alice p to stop selling iron will work. Thus their observable
utilities are q − p and p respectively.

Example 2. The following descriptions are fundamentally equivalent.
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• Alice (who earns r) and Bob (who earns r) enter a roommate agreement
in which they both pay 0.5r rent. Furthermore, Alice pays Bob 0.2r to do
maintenance work. Alice’s income is r Bob’s income is 1.2r.

• Alice pays 0.7r rent for a well-maintained room, and Bob pays 0.3r rent
for a room he has to maintain. Alice’s income is r, Bob’s income is r.

In terms of observable utility – write Bob’s dislike for maintenance work (the
lowest wage he is willing to do it for, in absence of other offers) by h and suppose
neither of them inherently value their day jobs. Then Alice’s observable utility
is r, Bob’s observable utility is 1.2r − h.

In other words: Bob doing maintenance work is does add to the economy;
however his inherent dislike for maintenance work should be accounted for;
however accounting for it as a full 0.2r welfare loss is an overstatement of the
loss (since he has actually chosen to engage in the activity, implying his overall
benefit from it).

3 Concluding comments

The definition given in this paper should by no means by regarded as the “fun-
damental” measure of welfare. For example, one may instead have more easily
postulated a hypothetical good, pleasure that directly increases an agent’s util-
ity without bound, and considered the amount of pleasure needed to convince
an agent to stop all other actions.

Instead, observable utility is specifically intended to act as a generalization
of income as a measure of welfare. For this purpose, we defined a perfect welfare
unit (Definition 1) to be desirable theoretical properties of a currency.

3.1 Comments on aggregate utility and inequality

The arbitrariness in the choice of the perfect welfare unit implies that any repa-
rameterization of observable utility is acceptable. Therefore, aggregations of
utility like E(Υ) (“total observable utility per capita”) are not truly fundamen-
tal; a reparameterization of Υ would yield an aggregation f(E(f−1(Υ))) for the
same system.

This has implications on the study of the ethics of inequality – it suggests
that there is no fundamental way to define a notion of “diminishing returns”
on welfare to talk about maximizing aggregate welfare in a utilitarian sense.
If one accepts the veil of ignorance [6] as a valid ethical principle, then the
appropriate consideration of inequality will be subjective – i.e. one’s subjec-
tive risk-averseness and other criteria would determine considerations as to the
optimal distribution of observable utility.

3.2 Limitations

As observable utility should not be seen as particularly fundamental, it should
not be surprising that it still faces several important model limitations:
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• The notion of a perfect welfare unit is an idealization that is not truly
found in the real world – currency is not truly a perfect welfare unit. In
particular:

– Eq. 1 demands that money has no inherent value apart from the goods
it can buy. An important violation of this behaviour is donations,
where the donor inherently values cash outflows – the result is that
the receipt of donations is not counted in aggregations of observable
utility.

– Eq. 3 demands, in words, that a sufficiently high monetary payment
will convince an economic agent of any desired action. This is un-
realistic of many aspects of human social behaviour (although an
acceptable model of the behaviours usually classified as “economic
behaviour”), as humans often have notions of priceless goods (this
does not mean a good that has infinite utility, but only that it has
greater utility than any monetary sum, because the latter may have
diminishing returns).

– Eq. 4 is violated by trade barriers and regulatory differences, making
it difficult to meaningfully compare observable utility across jurisdic-
tions.

• The obvious method to measure observable utility would be to sample a
population and make random one-time offers of specific amounts to cease
their productivity and make inferences from the response. This will be (a)
expensive, since one must pay the individual to cease their entire lifetime
productivity to take long-term investments into account (b) difficult to
legally enforce (c) introduce sampling bias, e.g. if there are correlations
between observable utility and viewing one’s work as a priceless good.
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