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GRUNWALD-LETNIKOV

£700) = lim f(x+2h) — 2}]:2(x+h) + f(x)

h—>0

F ) = I hiz ) (~DFf(x + (n - Oh)

(Resemblance to binomial theorem is suggestive)
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GRUNWALD-LETNIKOV

R f(x): = f(x + kh)

@* forms a “commutative ring” — so we have the binomial theorem

Motivation: ¢1 — ¢® = d (the differential operator)
Consider (¢ — )"

Like with binomial theorem, extend this to non-integer n

F® () = lim iRZ (—D*f(x + (R = k)R)
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RIEMANN-LIOUVILLE

* Or “Generalised Cauchy” — as it follows from Cauchy’s Repeated Integral formula

 Straightforward form for power functions

an rm+1)
_x —_—

dx™ _F(m—n+1)x

m-—-n

* Proof by Ortigueira & Coito (2004): Riemann-Liouville derivative equals the Griinwald-
Letnikov derivative
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COUNTER-EXAMPLE

e Grunwald-Letnikov — divergent

o=y (1) o -5 (f2) o
k=0

k=0
VAN —1/2
P 1k
_}1‘5‘)[2 Z( k )( 1)
k=0
e Riemann-Liouville
re)
1/2, — 1/2 —
DY4x F(3/2)x 2+/x/m
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IDEA

Divergence of the form \/h/0 —i.e. summation diverges “too fast”

There are two limits here, h > 0 and N —» o

New approach: take the two limits “together” (i.e. writing h as a function of N)
o Potentially infinite possible values to the limit depending on which function you choose
° |dea: let the “principal value” be the value for which the derivative coincides with RL

Question: What function achieves this principal value?
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STANDARD RESULTS AND LEMMAS

N
* (Lemma 1) Z DF = (- DN . 1)
k=0
* (Lemma 2) =DV ( )= SlnS;TR)F(R + 1)NR-1 + o(N~R-2)
N
R — . .
* (Lemma 3) Z ( kS = (—1)NF(RN 1) N/ +o(N/71)
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EXAMPLE: D1/2y

it 55 ()t - Ry k(7)o

. . 1/2, _ %X N(_1/2> \/_ﬁ_ N(_3/2)
Lemma 1, 3: D/ 4x \/ﬁ( 1) N + > (-1 N
e Lemma 2: (—1N (_ 1/2)~LN‘1/2- (—1N (_ 3/2>~1N1/2
' N V1 ' N Vi
1 Vvh 2
D1/2x=i_N—1/2 _I___Nl/Z
VhT 2 \m
* Solve for h: h=x/N
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MORE Q-RELATIONS

* For all derivatives of power functions, 3¢, h = q x/N.

q—2Jq+1=0 (Dl/zx)

g —Rqg+(R—-1)=0 (DRx)
R m

R LF(—m —R;1—R;q) = ——— DRx™

T R(m-R1-Riq) = goas(p) 0%

e Special cases
o g = 1is always a solution — this means it is a solution for all analytic functions

° Integer R —allows g = 0 (or really any value of q)
°R=1/3,m=1-allowsq =—-1/8
o m = 0 allows q satisfying g = e* 2™/R for k € Z

arxiv.org/abs/1809.08051 SUBMITTED TO FRACT. CALC. APPL. ANAL.



(IMPLICATIONS)

HANDEDNESS OF GL DERIVATIVE

* How do you define ordering of terms in a binomial series? For the binomial series on real
numbers, it doesn’t matter
o Can be proven: different orderings equivalent to different directions of taking the limit

o So if the limit exists, the ordering doesn’t matter
e But we’re dealing with instances where it doesn’t exist!

* Sign/argument of g tells us the correct handedness

F® @) = lim kz (%)~ ¥ F e + k)
=0
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(IMPLICATIONS)

DISCONTINUOUS FUNCTIONS

* Fractional derivative inherently “non-local” — can see this from infinite summation form of GL
derivative, or integral form of RL

* Can the fractional derivative “sense” discontinuities/non-smoothness in the function?

e Can be conclusively answered with my principal value formalism! — “Yes, to a certain extent.”
o Where the “extent” equals gx
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FUTURE RESEARCH

* Other (than 1) values of g for a general power series

* General theory for fractional derivatives of generally non-smooth functions

e Alternative formalization of Dirac Delta function!
o Instead of taking limits of functions, take limit R — 1 for DRH (x)
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APPENDIX

e Cauchy’s Repeated Integral formula

FEm () =

T GO

* Explicit restatement of g-relation for DRx™:

_ (—q)’
d RE(T) sz =si:7rR(11?)

arxiv.org/abs/1809.08051 SUBMITTED TO FRACT. CALC. APPL. ANAL.



