Motivation and Construction

The hyperreals are a system extending the real num-
bers to include roughly “just enough” infinitesimals
and infinities to do analysis — they allow infinitesi-
mals to be multiplied by reals, or with infinitesimals
to give “higher-order” infinitesimals, or with infini-
ties to give infinities, real numbers or other infinites-
imals depending on their relative “orders”.
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Figure 1: “Lenses” to see the orders of hyperreals

A sensible place to start is to look at the set of real
sequences N — R — but we don’t really care if two
sequences differ on a finite number of points. So we
want to quotient R" by some equivalence relation
— an equivalence relation having to do with the se-
quences being equal on a “big” subset of N — let ¢
be the set of big sets. So we need:

1. N € ¢ (to ensure reflexivity)

2. Ae pANB € ¢p= AN B € ¢ (to ensure transi-
tivity — but this is not as trivial as you think)

3. Ac o NA C B = B € ¢ (also required by
transitivity — but is clearly necessary for our
construction anyway)

4. A € oV A € ¢ —1ie. if two hyperreals are
inequal, the sets on which their sequences are
inequal is in ¢. This is required to “transfer”
statements about negations to the hyperreals.

These axioms define an “ultrafilter” gb and define
the Hyperreals as an “ultraproduct”:

=RY/¢.

Detalls on ultrafilters

We’ve assumed two facts in our definition above:
(1) the proot of the existence of a (non-principal!)
ultrafilter, (2) the uniqueness of our detfinition.

The first is the “ultrafilter lemma” and follows from

Zorn’s lemma [3] by considering C as a partial order
on filters. As for the second, the ultrafilter is not
unique, however the ultraproducts are unique up
to isomorphism (except for the trivial ultrafilter).

Ultraproducts and hyperreal analysis
Abhimanyu Pallavi Sudhir

Standard Part function

Of key importance to using the hyperreals for real-
number analysis is the “standard part” function st :

R — R, defined as the unique real number whose
distance from the given hyperreal is infinitesimal
(closer to zero than any real). Usetful explicit form:

st(x) =sup{reR|r <z}

The following string of implications sheds light on
the structure of the hyperreals:

st(x) <

A counter-example to the converse implications:

st(y) = rx<y=z<y=st(x) <st(y)

infinitesimal neighbourhood of r
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Non-standard analysis

Definition 1 — For a constant ¢ € R, function f : R* — R and relation P : R¥* — Prop we define their

“transfers” ¢ £ [(c)], f([(r)] .. [(F)]) £ [(f(rf. ...

) and P([(r1)], ... [(PF)]) <= {i | P(r},...

Lean Implementation

I formalised ultraproducts, the hyperreals and sev-
eral important theorems about them in the formal
proof-checker Lean — my proofs were accepted in
the Lean math library and most can be found in the
following files at [1] under /src/:

— order/filter/filter_product.lean
Ultraproduct, transfer properties (465 lines).

— data/real/hyperreal.lean — hyperre-
als, their arithmetic (761 lines).

Some example theorems proved:

— 1nstance [llinear ordered field B]
linear ordered field B«

— st_eqg Sup {x Rx}
st x = real.Sup {y : R |

— 1s st of tendsto {f
{r R} (ht

y < Xj

N to R}

tendsto £ at_top
(nhds 1)) 1s_st (of_seqg f) r

— def 1lift (£ B to B) : Bx to B«
(proving it is well-defined)

ri)} € ¢.

(exercise: prove this is well-defined — note that [(a,z)] is the hyperrea generated by the sequence (a;).)

Los’s Theorem (model theory) — Extending R—language to R with Definition 1 - for a formula 7, we have:

R = x([(z)),...[(zF)]) <= {i|R | n(z),...

1 (/

2¥)} € ¢. In particular if 7 is a sentence, R =71 <= R |= 7.

Proof: Noting that the theorem is definitionally true for atomic formulae, we proceed by induction on
formulae. Given the theorem for two formulae v, 1/, we must show its validity for:

1. m=—:
2. T=Y NY":

A

RE-¢ < {i [ REY}¢¢ < {i|RE )} €.

REyvAY <<= {i | ReEyYtecoN{i| REY'}cd <= {i| REYAY'}E .

3. =3z, ¢(x): REIz,(z) < Tz, {i | RE=yx)} € ¢ — {i|RE Iz, (z;)).

Definition 2 — A function f : R — R is said to (where FE is the set of infinitesimals) have limit L € R at c if

vh € E/{0}, st(f(c+ h))

= L. The definitions of derivatives and continuity follow in the standard way.

Theorem 1 (connection to real analysis) — Definition 2 is equivalent to the standard definition of a limit.

Proof: The backward implication is obvious. For the pullback: Vh € E/{0}, f(c+ h)
— Ll <e=Ve>0,46 > 0,Vh € (0,9),|f(c+ h)
is real, we may still transfer the remaining formula to the reals —so {i | 36 > 0,Vh € (0,9), |f(c + h)

ereal) Ve > 0,Vh € E',|f(c+ h)

— L € I implies (with
— L| < e. Although ¢ here
— L| <

e;} € ¢. But since ¢ is real, ¢; can be a constant sequence, and the set must be the universe.

The same principles as above may be used to formalise integrals, limits of sequences and other things from
analysis. The above proof can also be almost identically repeated for the ultraproduct of a general Banach
space —in this case the non-standard derivative becomes equivalent to the Fréchet derivative. Formalisation
of model theory and first-order logic in Lean is still complicated, thus non-standard analysis remains to be

formalised in Lean.
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More analysis

(appendix of non-standard definitions, proofs)

Definition 3 — A sequence ¢ : N — R has limit L if
VYN € N/N, st(ay) = L. Proof analogous to Thm 1.

. "N
Definition 4 — The sum F(N) = > _,f(n) is the

transfer of the partial-sum F(K) Z?:o f(k).

Equivalence of convergent case analogous to Det 3.
2 2

Ex: [ a?dx = st Zo% (ke?) e = st (x; - S5e+ G 52>
Theorem 2 (extreme value) — Infinitesimally parti-
tion the interval. The mesh is hyperfinite, so by

transfer, f has a maximum at z,. By continuity,

st(z() is the max of f. Analogously prove IVT, MVT.

Definition 5 (non-standard Banach) - standard
part, limit defined as before; “simultaneous trans-
fer” usetul to define a hyperreal magnitude, and for
analysis of functions f : U — V. So it’s straightfor-
ward to see, as in Thm 1, that the following defini-
tion is equivalent to the Fréchet derivative:

|f(z+h) = flz) = f(z)h]lv

Vh & EU/{O}, HhHU
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Conclusions

We have defined and investigated ultraproducts
and hyperreal arithmetic with the aim of formalis-
ing infinitesimals and non-standard analysis. We
have stated and proven several theorems about
analysis in the non-standard setting, and proven the
“transfer principle” to/from standard analysis.

While I have formalised filters, ultraproducts and
hyperreal algebra in Lean, non-standard analysis
remains to be formalised — well, that’s easy, but the
transfer principle will require formalising model
theory and first-order logic in Lean. The Bernstein-
Robinson theorem may also be worth formalising.
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