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1 Case III: λr = 1

We will now start studying the case where λ is a root of unity, i.e. λr = 1 for
rational (or equivalently, integer) r (which we will see is qualitatively different
from the irrational case) – we call z = 0 a parabolic fixed point. Where p+ 1 is
the smallest integer greater than 1 such that zp+1 has a non-zero coefficient:

f(z) = λz + µzp+1 + o(zp+1) (1)

In order to characterize the attractive/repulsive nature of the fixed point,
we are first interested in finding the attraction/repulsuion directions to a fixed
point. These are somewhat analogous to eigenvectors of linear transformations,
but exhibit much richer behavior.

1.1 Case IIIa: λ = 1

The multiplier = +1 case appears to be simpler, as it is “irrotational” in some
sense: the function appears to be the identity near the fixed point. In this case,
p+ 1 is also called the multiplicity of the fixed point, as it is the multiplicity of
the z = 0 root of f(z)− z.

We will first intuitively ponder about the nature of the fixed point in this
case, and then formalize our results in Theorem 1.

• Consider infinitesimal complex ε such that f(ε) = αε for positive real α
a function of ε (∀ε, α > 1 corresponding to repulsion; ∀ε, α > 1 corre-
sponding to attraction). Substituting in Eq. 1 to p + 1 order in z with
λ = 1:

εp = (α− 1)/µ

We can see that there are p attraction vectors, which correspond to the
argument of ε when α < 1, and p repulsion vectors, which correspond to
the argument of ε when α > 1.

vp− = −1/(pµ)
vp+ = +1/(pµ)
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Figure 1: Attraction and repulsion vectors, basins where p = 3, µ ∈ R>0

(The reason for using 1/(pµ) over 1/µ is not important, and will become
clear later.) Alternatively we may write, where v0 is some repulsion vector,
that vj , defined as below, is attractive for odd j and repulsive for even j:

vj = v0 exp (j/p · πi) (2)

• We may also be interested in asking about the rate of convergence of the
iteration. Since limε→0 α(ε) = 1, which means the convergence is slower
than exponential – in addition, the convergence is slower for larger p. We
may guess that the sequence fn(z) converges ∝ v−/n1/p.

• Taking a cue from the nature of linear dynamical systems, we might imag-
ine the local behavior of the iterated map to be something like that shown
in Fig. 1.1: that the sectors between consecutive repulsion vectors define
attraction basins for the attraction vector between them – this would also
imply that there are no small cycles near a parabolic fixed point.

Theorem 1. Let f be a holomorphic function as in Eq. 1 with λ = 1. Let z0
be such that the sequence zn = fn(z0) → 0 but ∀n, zn 6= 0. Then, for some
attraction vector vj as defined as in Eq. 2,

lim
n→∞

n1/pzn = vj

i.e. zn ∼ vj/n1/p asymptotically. zn is said to tend to 0 in the direction of vj.

Proof. The proof relies on a variable substitution ω(z) = −1/(pµzp), wn =
ω(zn). Although the substitution is not injective on all of C×, one may define
2p restrictions of the function, ωj(z) : ∆j → C − R(−1)j , where ∆j = {reiθvj :
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r > 0, |θ| < π/p}. Then consider the map f̂j(w) := ωj ◦ f ◦ ω−1j (w), defined
outside a large disk on C− R(−1)k – whose power series it is easy to compute:

f̂j(w) = w + 1 + o(1) (3)

Then clearly wn ∼ n as n → ∞ (formally: wn+1 − wn → 1, hence the partial
sum (wn − w0)/n→ 1), which implies

zpn ∼ −1/(pµn) (4)

Further, from Eq. 3, ∃R > 0,Re(w) > R =⇒ |f̂j(w) − (w + 1)| < 1/2. Then

P̂ := {w | Re(w) > R} is closed under f̂j , and the attracting petal Pj = ω−1j

(
P̂
)

is closed under f . Now since ∃m,Re(wm) > R, we must have zm ∈ Pj for some
j, and by closure of the attracting petal, all further zk are in this petal. Since
by definition Pj ⊆ ∆j , this means zn is eventually in ∆j , and we can take the
nth root of Eq. 4:

zn ∼ vj/n1/p (5)

Corollary 1. Let z0 be such that the sequence zn = f−n(z0)→ 0 but ∀n, zn 6= 0.
Then, for some repulsion vector vj of f as defined in Eq. 2, zn ∼ vj/n1/p.

1.2 Case IIIb: λ = exp(q/r · 2πi)
Once again, consider f as in Eq. 1, but with λ any primitive rth root of unity.
Then near its fixed point z = 0, f(z) ≈ λz, which for λ 6= 1 does not have “true”
attraction and repulsion vectors in the sense that we have been imagining them.

Instead, we define attraction and repulsion vectors in a way that is more
analogous to the notion of limit points, in that we are satisfied with being
asymptotic to subsequences.

Definition 1. Let v be a complex number.

• If there exists a sequence zn = fn(z0) → 0 with a subsequence znk
such

that arg znk
→ arg v, then v is called an attraction vector for f .

• If there exists a seuqnece zn = f−n(z0) → 0 with subsequence znk
such

that arg znk
→ arg v, then v is called an repulsion vector for f .

Theorem 2. The attraction vectors of f are the same as the same as those of
fr, and their number is a multiple of r.

Proof. Any sequence zn = fn(z0) → 0 can be partitioned into subsequences
zkr+s for s = 0, . . . r − 1. Each subsequence is an orbit under fr, which is
a function of the form discussed in IIIa, thus the attraction vectors of f are
precisely those of fr. For each v asymptotic to zkr, λ

sv is asymptotic to zkr+s.
Thus any zn → 0 gives rise to r attraction vectors for f .
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Corollary 2. The multiplicity of the z = 0 root of fr is congruent to 1 mod r.

Theorem 2 is crucial, as it allows us to often reduce problems about parabolic
points to the case IIIa. We will be making this WLOG assumption about f in
sections that follow, and the general case will follow easily through Theorem 2.

1.3 Petals and basins

The following definitions will help us in understanding the nature of the Fatou
and Julia sets corresponding of the function f .

Definition 2. The basin of attraction Bv for v is defined as the set of points
z such that fn(z)→ 0 in the direction of v. The immediate basin of attraction
B0v is defined as the unique connected component of Bv that is closed under f .

(To prove that the immediate basin exists, note that all iterations converg-
ing to 0 eventually lie in a small connected open set. The connected component
of Bv containing this set is then closed under f .) One may observe a (perhaps
superficial) analogy with the dynamics of Lie groups, where the identity com-
ponent of a Lie group is defined as the connected component closed under inner
multiplication.

It is clear that the basins of attraction Bv are contained in the Fatou set of
f , while their boundaries ∂Bv are contained in the Julia set: for some z ∈ ∂Bv,
fn(z) either trivially converges to the parabolic fixed point itself (which is in the
Julia set due to its proximity to both attraction and repulsion basins), or doesn’t
converge to the fixed point (but is close to points that do, and is therefore in
the Julia set).

Definition 3. Where f is injective on some neighbourhood N of its fixed point,
an open set P ⊆ N is called an attracting petal for f along attraction vector v
if

1. P is closed under f .

2. P ⊆ Bv

3. Any orbit fn(z0) converging to 0 along v is eventually in P.

This may seen as a “local” version of an attraction basin, in that we can
define arbitrarily small petals around the fixed point. A certain analogy exists
to the notion of a neighbourhood filter, although importantly, the superset of a
petal is not necessarily a petal.

We easily arrive at the repulsive versions of Definitions 2, 3 by replacing f
with f−1.

Somewhat “better” petals than the ones used in Theorem 1 are formalized
in the following theorem:

Theorem 3 (Parabolic flower theorem). (where λ = 1) In any neighbourhood of
the fixed point 0, there exist simply connected petals P0 . . .P2p−1 (even subscripts
repulsive, odd subscripts attractive) such that:
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z-space w-space

P̂+P̂−

Q̂∨

Q̂∧

ω

Figure 2: Illustration of the petals constructed in Theorem 3. Notice the shape
of the petals – can you find an equation for them?

• Their union is a punctured open neighbourhood of 0.

• Any two non-adjacent petals are disjoint.

• Each Pj has a simply-connected region of intersection with Pj+1 and an-
other simply-connected region of intersection with Pj−1.

(When p+ 1 = 2, the right- and left- neighbours are the same, but there are
still two simply-connected regions of intersection.)

Proof. Recall the substitution ω, and the defined quantity R, in the proof of
Theorem 1. Then define P̂− := {x+ iy | x+ |y| > 2R} and P̂+ := −P̂−. Then
define:

Pj =

{
ω−1j (P̂+) j even

ω−1j (P̂−) j odd

One can check that the even and odd petals are indeed repulsive and attractive
respectively. Each of the required statements can be verified rather easily:

• Since P̂+ ∪ P̂− contains all complex numbers with a radius over 2R, each
petal Pj contains a sector centered at the fixed point, of angle spanning
∆j and radius (2Rpµ)−1/p, Thus their union covers all such sectors, i.e.
an open disk.

• Non-adjacent ∆j are disjoint, and each Pj ⊆ ∆j .

• P̂+ ∩ P̂− = Q̂∨ ∩ Q̂∧ where the right-hand-side is a disjoint union, Q∨ =
{x+ iy | −|x|+y > 2R} and Q∧ = −Q∨. These regions correspond to the
intersections of Pj with each of its neighbouring petals, i.e. ω(Pj ∩Pj+1)
is either Q∨ or Q∧ depending on the parity of j.
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1.4 Abel Linearization

We now start to think about constructing a linearization for a holomorphic
function near a parabolic fixed point. Our earlier experience with the Koenigs
linearization might suggest a linearization of the form φ(ζ) = ζ, but this is ob-
viously absurd: it would require identifying points that ought not be identified.

Instead, we are inspired by the structure of a petal, which comes with some
notion of “direction” defined on it. One may imagine rearranging the petal
so that application of f is just adding 1, i.e. consider (where ζ = T (z), φ =
T ◦ f ◦ T−1) a linearization of the form φ(ζ) = ζ + 1. One may imagine that
this would be closely related to the quotient P/f .

Theorem 4 (Parabolic linearization theorem). Given an attracting or repelling
petal P, there exists a unique (up to composition on the left with translation)
conformal embedding T : P → C called a Fatou co-ordinate on P such that, for
all z ∈ P ∪ f−1(P), we have:

T (f(z)) = T (z) + 1

Here’s an idea to construct this T : recall how in w-space, we have f̂(w) =

w + 1 + o(1). Well, it is not exact, but as you keep applying f̂ , |w| → ∞ and
it becomes more and more exact. So we may consider representing w by some
f̂n(w) for large n. More precisely, we’d need to set some base point and replace

w 7→ f̂n(w)− f̂n(wO).

Lemma 1. Where P̂R = {w | Re(w) > R} for some R, and f̂ : P̂R → P̂R is an
injective holomorphic function satisfying the following inequalities, for constants
c, ε > 0:

Re(f̂(w)) > Re(w) + 1/2∣∣∣f̂(w + 1)− (w + 1)
∣∣∣ ≤ c/|w|ε

Then, where wO is some arbitrary base point in P̂R, the following sequence of
functions:

T̂n(w) = f̂n(w)− f̂n(wO)

Converges locally uniformly to a bi-holomorphic map T̂ : P̂R → U ⊂ C that
satisfies T (f̂(w)) = T (w) + 1.

Proof. The ratio T̂n(w)/T̂n−1(w) is relevant for questions of convergence, and

is seen to be the average slope of f̂ along the line segment from f̂n(wO) to

f̂n(w). Well, when |w| ≥ 2S ≥ 2R, the function f̂(w) − (1 + w) transforms
DS(w) 7→ Dc/Sε(0), so by the Cauchy derivative estimate:∣∣∣f̂ ′(w)− 1

∣∣∣ < c/S1+ε

The same bound thus applies on the average slope between w1, w2 ∈ P̂2S :∣∣∣∣∣ f̂(w2)− f̂(w1)

w2 − w1
− 1

∣∣∣∣∣ ≤ c

S1+ε
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Since Re(f̂n(w)) > n/2, we can write for all n ≥ 1, c′ = 21+εc:∣∣∣∣∣ T̂n(w)

T̂n−1(w)
− 1

∣∣∣∣∣ ≤ c′

n1+ε
(6)

1− c′

n1+ε
≤

∣∣∣∣∣ T̂n(w)

T̂n−1(w)

∣∣∣∣∣ ≤ 1 +
c′

n1+ε

Noting that K =
∏(

1 + c′/n1+ε
)

is finite:∣∣∣T̂n(w)
∣∣∣ ≤ K |w − wO| (7)

Considering Eq. 7 for n 7→ n− 1 and multiplying by Eq. 6,∣∣∣T̂n(w)− T̂n−1(w)
∣∣∣ ≤ Kc′|w − wO|/n1+ε (8)

If we sum Eq. 8, it is clear that the sum of the right-hand-side converges abso-
lutely, thus the sum:

T̂0(w) +

∞∑
n=1

(
T̂n(w)− T̂n−1(w)

)
Is absolutely convergent, therefore the desired limit exists ∀w ∈ P̂2R:

T̂ (w) = lim
n→∞

T̂n(w)

From Eq. 8, we see that T̂n(w)/|w−wO| converges uniformly to T̂ (w)/|w−wO|
(because the error does not depend on w), which shows that the limiting function
T (w) is holomorphic, and the injectivity of T follows immediately from the
injectivity of f and injectivity of the uniform limit of injective functions.

Proof of Theorem 4 – Existence. In the case where the petal is PR = ω−1(P̂R),
the function T = T̂ ◦ω suffices, with T̂ defined as in Lemma 1 and ω defined as
in 1. For an arbitrary petal P: recall that by definition of a petal, any z ∈ P
must eventually have fn(z) ∈ PR – so define T (z) = T̂ ◦ ω ◦ fn(z)− n.

For uniqueness, we will need a minor lemma (which you should read after).

Lemma 2. The union of all integer translations of U as defined in Lemma 1,
U + Z, is all of C.

Proof. We wish to show that ∀w ∈ C,∃m ∈ Z, w + m ∈ U . Where S is large
enough that ∀w· ∈ P̂R ∩ (DS(0))c, |T̂ (w·) − w·| < |w·|/3, choose a w· = w + m
with a sufficiently high real part that |w·| > 2S and D|w·|/2(w·) ⊂ P̂R. Then

for any w• ∈ D|w·|/2(w·), we have |w•| > S =⇒ |T̂ (w•) − w•| < |w•|/3 <

(3|w·|/2)/3 = |w·|/2. Since |w·|/2 is the radius of D|w·|/2(w·), we have that for

all w◦ ∈ ∂D|w·|/2(w·), |T̂ (w◦)−w◦| < |w◦−w·|. Then by Rouche’s theorem, the

function T̂ (w•)−w· = (T̂ (w•)−w•) + (w•−w·) has the same number of zeroes
as w• − w·, i.e. one, i.e. ∃w• such that T̂ (w•) = w·. Hence w· ∈ U .
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Proof of Theorem 4 – Uniqueness. First consider the case of PR, as before, and
consider some alternative Abel linearization T ′ : PR → U ′. Then E = T ′ ◦ T−1
is a bijection U → U ′ that preserves the “plus one” structure, i.e. E(w + 1) =
E(w) + 1. As the union of integer translations of U is all of C, then we could
use this property (i.e. through E(w + n) = E(w) + n) to define a a bijective
map E : C → U ′ + Z. Such a map must be affine, and the only affine maps
satisfying E(w + 1) = E(w) + 1 are translations.

Corollary 3 (Cylinder theorem). For any petal P attracting or repelling, P/f
is conformally isomorphic to the cylinder C/Z.

As with the Koenigs linearization, we can also define global linearizations.
However, these are not necessarily injective.

Corollary 4 (Global linearization – attracting petal). Where P is an attracting
petal in the attracting basin B, the Fatou co-ordinate T : P → C extends uniquely
to a map B → C, still satisfying T (f(z)) = T (z) + 1.

Corollary 5 (Global linearization – repelling petal). Where P is a repelling
petal, the inverse map T−1 : T (P) → P extends uniquely to a map C → C,
satisfying f(T−1(w)) = T−1(w + 1).
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