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1 Introduction

There are no-go theorems forbidding a computationally efficient algorithm for
equilibrium computation in many games ([1] and references therein, [2]). It
seems, at least superficially, that one of the following must therefore be true of
real-world markets:

1. Markets are capable of efficiently performing computations that cannot
be done so on a single computer, e.g. because of parallelization.

2. Economic efficiency is not properly captured by the notion of polynomial-
time complexity seen in these theorems.

3. Markets are not efficient.

Our discussion above is rather vague, as it is not yet clear to me if the rela-
tionship between computational and economic efficiency has yet been described
in general in the literature. |2] specifically discusses the problem of markets com-
puting prices from previous price history while the price history is constantly
being updated — so it is natural to ask if the computations can be done faster
than new information is obtained; but he calls for a more rigorous, algorithmic
definition of efficient markets in general (work like [3 4] seem to approach this
problem).

We approach the problem from the reverse perspective — instead of talking
about the inefficiency of equilibrium computation algorithms in general and ap-
plying this to the natural algorithm that runs on markets (whatever it might be),
we will attempt to construct, from clearly formulated assumptions, a model of
natural market dynamics and subsequently study its efficiency as an algorithm.

1.1 Literature review of natural dynamics

We will note that the concept of “natural dynamics” has not been studied
systematically in the literature as an organized field of study, but the notion
has been discussed in several areas.

[5] focuses on Fisher markets.



Definition 1.1 (Fisher market). There are m divisible products, each with
supply equal to 1, and n buyers with budgets Bi,... B, and utility functions
Uy,...U,. A competitive equilibrium is a price-vector p € R™ such that it is
possible to allocate to each buyer ¢ a bundle x; € R™ such that x; is affordable
for buyer 4, it maximizes U;(x) among all affordable bundles, and > x; = 1,,.

Large classes of standard equilibrium-finding algorithms — including (1)
simplex-like methods (2) numerical methods (3) combinatorial methods — are
argued to not be realistic, as they are centralized, and cannot describe a dis-
tributed computing behaviour. Instead, the following algorithms can be seen as
more natural:

1. Tatonnement — initialize a price vector, calculate a best-response alloca-
tion, raise or lower price of goods depending on whether there is a surplus
or shortage.

2. Proportional response — initialize the amounts spent by each buyer on
each good, calculate the price of each good as the sum of the total amount
spent on it, increment the amounts spent in proportion to the differential
utility.

[6] focuses on bargaining networks.

Definition 1.2 (Bargaining game). There is some graph of agents G with
weights p,g representing the total profit generated if agents a and 3 trade
with each other. A matching M (a pairwise non-adjacent subset of the edges
of G) represents an arrangement in which each agent trades with at most one
other agent. An equilibrium is a pair (M, q) (where g € RIS!, which represents
the amount of profits earned by each agent, satisfies g, > 0 for all « € G and
do+q3 = pap for all a, B adjacent) that obeys the following rules (da represents
the nodes adjacent to «):

o for all (o, ) ¢ M, qu + q3 > Pap (S0 no agent has an incentive to change
their trade).

o forall (o, B) € M, qo—max,cpa/3(Pay—0y)+ = @8—MaXycp8/0(Psy—0y) +
(the surplus of « over his next best alternative equals that of j over his

next best alternative).

While a exact definition of natural dynamics is not given, [6] lists (without
precise operationalization) three properties desired from such an algorithm.

e Locality — The algorithm involves limited information processing at nodes
and exchange along edges. More fundamentally, this tells us that the dy-
namics should be interpreted as information propagation and the response
to it.

e Time invariance — The players’ behaviour should be the same (resp. simi-
lar) on identical local information at different times. More fundamentally,
this tells us that information propagation is the only (resp. main) cause
of the dynamics.



e Interpretability — The information exchanged by agents has a meaning
for the agents and the players’ response to the information should have a
simple, reasonable meaning.

They propose the following algorithm, which they call the natural dynamics:

1. Initialize messages ¢, s — these are supposed to represent the maximum
profit that « can currently earn by trading with some other agent.

2. Compute offers mq_,3 = (Pap — ta—p)+ — %(pag —Gasp — iga)+ — L€
an offer is non-negative, it is not so large that its profit will be less than
what it can earn from elsewhere, and any surplus is shared equally.

3. Compute profits ¢, = maxgesn MB—a

4. Recalculate messages iq s ¢+ KMaXyega/3 My—a + (1 — K)iasp — the
damping factor x prevents certain pathological behaviours [realistically,
there may be more active intelligent interventions by the agents to prevent
pathological behaviour].

5. Return from Step 1.
And demonstrate the following results about it:

e Suppose the bargaining game has an equilibrium. Then all its equilib-
ria (M, q) are in one-to-one correspondence with the fixed points of the
natural dynamics ¢ such that g equals the computed q for the latter.

e Suppose the bargaining game has an equilibrium with a ga;ﬂ o > 0—then
q will be within ¢ of the equilibrium after time

T(n,0,e) = Cn” (I;V + log(1 + o/e)>

Where n is the number of agents and W is the max of all initialized
messages .

e Let t > T(n,0,0/3) — for each agent a receiving non-zero offers, there
exists a unique neighbour P(i) which offers more than all its other neigh-
bours. Furthermore, j = P(i) <= ¢ = P(j). The pairs (i, P(i)) are
precisely the matching M in the equilibrium (M, q).

The first and third theorems show that the fixed points of the natural dy-
namics correspond to the equilibria; the second shows that the algorithm has
polynomial-time convergence.

While these algorithms are all somewhat natural — compared to, say, simplex-
based algorithms — they are still rather specific models of agent behaviour that

IThis has a rather involved definition, so I omitted studying it in detail as it didn’t appear
directly relevant to me.



certainly cannot be expected to hold true in general. Instead, they are “spherical
body in a vacuum” toy models which should be considered special cases of a
more general theory under simplifying assumptions. There are many advantages
of developing this general theory:

e It better motivates such specific models of natural dynamics, clearly spec-
ifying under what assumptions would rational agents behave as per this
natural dynamics.

e It will allow us to treat the algorithmic complexity of such dynamics in a
much more bottom-up way, perhaps identifying exactly the cause for the
no-go theorems mentioned earlier. Work such as |3, 4] is suggestive in this
direction.

e It will allow us to study at least generic properties of markets under more
complicated assumptions — for surely, even in the absence of such simplify-
ing assumptions, we observe markets to be somewhat efficient — so perhaps
efficiency can be demonstrated given some relatively more generic assump-
tions rather than looking at specific algorithms. This hope is supported by
results like [7] (which demonstrates that efficiency is reached even among
“zero-intelligence” agents, so it is really market structure, rather than
individual agent capabilities, that matters) and [§] (which demonstrates
that computational constraints have “no relevance” to efficiency, whatever
that means), and answers the oft-repeated call for economics to answer
questions about the real world at least to the degree that physics can with
approximate tools.

We will construct, below, such a general model for the behaviour of interact-
ing utility-maximizing agents. The work of [9, [10], illustrating that boundedly-
rational behaviour can be rationalized as perfectly rational behaviour under
imperfect information, supports this.

2 General dynamic

We will define a framework to define a “natural game dynamic” — reflecting
the actual utility-maximizing behaviour of agents in a general setting. Natu-
rally, the algorithm in Def is not necessarily an algorithm in itself: (1) A
needs to be countable, and more importantly (2) the maximization step itself
might be arbitrarily complex or even uncomputable. The idea will be that the
agent’s rational inattention — coded in through the information determination
— will ensure that each maximization will itself be a very simple procedure with
negligible cost.

Definition 2.1 (General dynamic). Let © be the “set of states of the world”;
let the partially ordered set (A, <) be called the set of agents. Then for each
a € A, let there be:



A g-algebra F, and probability measure P, called the prior belief of a.

A set X, called the choice set of «, carrying the o-algebra of countable
and co-countable sets.

A set Z,, called the observation set of a, carrying the o-algebra of count-
able and co-countable sets.

A measurable function X, : Q — X, representing a’s beliefs about what
choices it will make.

A measurable function I, : Q — Z,, representing «’s beliefs about what
observations it will get.

A measurable function U, : Q@ — R, called the utility of «.

A function i, : H6<a Xz — I, called the law of physics.

And loop the following algorithm for each « € A, in order: assign

3

o i ((xﬁ>ﬁ<a)
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rEX,

Outline of work as planned

Immediate directions for exploration at this point:

Foundations of bounded rationality — I need to justify the claim that “any
cognitive heuristic can be rationalized in terms of imperfect information”,
and work with some specific toy examples of cognitive heuristics and biases
to ensure they can be modeled in my algorithm. Relevant literature — [9,
10]; also helpful to read up on — general literature on agent foundations,
decision theory and bounded rationality.

Background for my model in the literature — It seems to me that my model
is “obvious” on some level, and something similar might exist in the lit-
erature. At the very least, there is a plausible connection to the no-
tions of correlated equilibrium and program equilibrium. Completeness of
contract-writing? Relevant literature — [11H13)].

Simplifying assumptions on the algorithm — Initial special cases to look
through: (0) exceedingly simple games; information hazards (1) imme-
diate equilibrium (2) equilibrium computation (3) message-passing algo-
rithms (4) repeated games (5) out-of-equilibrium models (6) reinforcement
learning. Relevant literature — details on specific algorithms; (7} |14].

Subsequent work:



e Background on economics and computational complexity — Before trying to

investigate complexity questions in my model under simplifying assump-
tions, it will be helpful to study exactly what the existing no-go theorems
say, as well as more theoretical work about defining complexity in eco-
nomic settings. Relevant literature: [3, 4, 8] [1} 2, |15]; also helpful to read
up on — queue equilibrium.

Economic phenomenology — Model economic phenomena in this model —
especially price of anarchy. Also helpful to read up on — general economic
literature on social welfare etc.
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