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Abstract

We extent Garrabrant induction into a model of bounded rationality.

1 Introduction

Computer scientists and economists have long recognized, at least since calls by
Good [1] and Simon [2], that perfect rationality (Bayes-rational expected utility
maximization) is computationally impossible. While this is not a problem for
classical paradigms of game theory and economics that only seek to prove the
existence of equilibrium, more dynamics-centric frameworks, as well as theoret-
ical discussions of artificial general intelligence, create the demand for a more
realistic yet useful (for describing “goals”) model of agents. Developing such a
model is the problem of bounded rationality [3].
A brief overview of classical literature on bounded rationality follows:

e Early approaches: explicit modeling of specific heuristics (reviewed in [4]),
as-if theories which studied perfect rationality with some information con-
straints (reviewed and criticized for their lack of predictive usefulness in
[5, 16]) and modeling of agents as finite automata (reviewed in [7]).

e Definitions of boundedly rational programs, although without means to
construct them, e.g. bounded optimality, which defines optimality given
computational constraints [8-10], and machine games, which are games
with programs for choices, which have equilibria under weak assumptions,
but no framework to effectively compute them [11H13].

e Thermodynamic rationality [14-16], which appeals to the underlying physics
of computation to describe bounded rationality.

In this paper, we study an alternative approach to modeling boundedly
rational behaviour: markets. The basic approach was originally introduced in
[17], an algorithm we will hereby call Garrabrant induction, which defines the
probabilities of logical sentences as their prices in a prediction market.

There are several reasons it is attractive to think of markets as an appro-
priate framework for modeling bounded rationality. Like agents, markets hold



beliefs about their model of the world and make decisions — unlike perfectly
rational agents, markets may hold incomplete beliefs or even inconsistent be-
liefs (in the form of undiscovered arbitrage), and are only optimal “conditional
on” computational constraints (indeed, the reason that as-if theories [18-20] fail
is they model agents as limited only by the scarcity of statistical, rather than
algorithmic, information). Markets are fundamentally ensembles of algorithms,
and naturally capture the notion of “integrating all available algorithmic infor-
mation”.

In this paper, we will [propose some extensions of the Garrabrant framework
/// generalize the Garrabrant framework to a full theory of BR /// 77]

Notation. The sets N,Z,Q, R mean what they always do, with 0 ¢ N. f :
A —, B is a function with finite support, we use f : (a : A) — B as an
alternative to lambda notation (and we will not bother to distinguish functions
and dependent types), and the set of functions A — B may also be denoted as
BA. Types may be left implicit as __ when it is understood from context what
sort of object is being referred to.

2 Logical induction

First an informal sketch of the framework from [17]. The basic construction
is a prediction market of logical sentences — a market of “stocks” in sentences
that pay out $1 when proven by some unquestionable authority (a theorem
enumerator). For any given trader, the price it neither buys nor sells at can be
interpreted as its subjective probability assignment; analogously, the price at
which the aggregate of all traders places no orders (i.e. the equilibrium price)
can be interpreted as the subjective probability assigned by the consensus of all
traders, i.e. taking into account all of their algorithmic information.

The key in integrating information from different algorithms is in determin-
ing which algorithms’ to take into account. One may argue that the traders
are “incentivized” to trade well, but these are in general just programs, with
no understanding of incentive. At the end of the day, one needs some notion of
“learning”, and for markets this is achieved with budgeting: traders can only
trade their own money, and those who make more money can trade more, while
those who go bankrupt cannot trade.

The remaining part of this section details the precise construction.

Constants. S is a set of “sentences” in some language; 7 : (t : N) = (S —o
{0,1}) is an enumerator of “theorems”; P = S — ([0,1] N Q) is the “type of
prices” (in particular 7(t) € P); @ = S —, Q is the “type of quantities”;
Q' = Q x Q is the type of quantities plus a cash term. “Addition” (+) between
quantities and cash amounts, and the dot product (-) : P x @ — Q are defined
in the obvious way, while (-) : P x Q' — Q is defined as P- (Q+¢)=P-Q +c.

Definition 2.1. A trader is a computable function « : (¢t : N) — P! — Q; we
denote its type as A.



(Interpretation: on each day ¢ = 1,2,..., it looks at the historical prices
P(1),P(2)...P(t—1) and the prevailing price P(t) of all traded sentences, and
outputs the quantities of some sentences to buy and sell at the prevailing price.)

Definition 2.2. Given a trader «, a price history (P(1),...) and an external
income stream (B(1),...), the budgeted version [a] 5 is given by:

Oaly it 7() o] gy (1) <0
[a] 5 (t) = % -a(t) i T(t)-[a]g gy (t—1) >0 but
’ T@) - ([elgyt—1)+[a]5 (1) <0
() else
Where

e [a]; (t) = B(t)+a(t)—P(t)-a(t) is the change in assets of the unbudgeted
trader o on day t; [a]z  (t) = [a] 5 (t) — P(t) - [a]p (t) for the budgeted
trader.

o [alpy(t) = ZZ:O [a]p g (t) are the holdings of the budgeted trader on
day t.

e Dotting with 7 (¢) gives the worst-case possible cash value of the trader’s
assets — i.e. the amount that the trader is “good for”.

(Interpretation: Each trader can hold negative assets —i.e. debt — but only
as much as it is “good for”, i.e. the amount that it can repay even in the worst
case where all its unproven beliefs are proven false. If a trade would push it into
debt it is not good for, it scales down the trade; if it is already in debt it is not
good for, it is considered bankrupt and cannot trade.)

Definition 2.3. An agent-producer is a computable function m : (¢ : N) —
(A =5 Q) (m(t,«) is the external income of agent « at time t). Given a price
history (P(1),...), we may define the associated “aggregate trader”:

u(t) =y lals (¢)

a€A

(Interpretation: we want to allow possibly infinite sets of traders, but only if
they are finite at any given time, and if they can be generated algorithmically.)

Now we are interested in an algorithm to compute these prices P(t) from
the agents’ orders for the day: a market-maker. Ideally each price will be the
equilibrium price — this is troublesome for various reasons (an equilibrium may
not exist; if it does exist, approximating it may be computationally expensive —
indeed, the entire point of markets in the real world is to have this computation
done in a distributed fashion), but for now let us just abstract away the function
of the market maker.

Definition 2.4. A market-maker is a computable function m : (¢ : N) — (a :
_)—=P.



We will assume there exists a m such that a(t, m(t, «)) is arbitrarily small on
all sentences — [17] shows this is possible for any continuous trader a, although
this m is very slow as an algorithm (it simply brute force searches through all
possible rational prices until it finds one good enough).

Definition 2.5.

Algorithm 1 Garrabrant inductor
Require:

Definition 2.6.

There are two questions to consider:

e What should be the price of a sentence like “The price of this asset on
Day 5 is less than 0.5”7 If such sentences exist in our language, then no
equilibrium will exist.

e The equilibrium price, if it exists, may not be computable (or even in Q).

The actual approach taken in [17] is to restrict trading to continuous traders,
so nothing like “buy 100 if price under 0.5, else sell 100”. This seems quite odd:
it is as if we are refusing to aggregate information from non-continuous traders.
Indeed, the resulting prices could be exploited by a non-continuous trader, if it
were allowed to trade on it.

But this restriction can be seen in the more general light of price discrimi-
nation and market incompleteness: we may consider the
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