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1 INTRODUCTION

Before neural networks won the mandate of heaven, an Al research paradigm that had shown
considerable promise was that of market-based architectures, i.e. Al agents that determine
their output based on some internal market-based mechanism (Kwee et al., 2001; Chang
et al., 2020).

More broadly speaking, there are general intuitive arguments to imagine a close analogy
between markets and Al. Philosophers and psychologists have long pondered multi-agent
models of the mind (Minsky, 1988); moreover, one may imagine that “any” machine learning
task could in principle be solved by a market of agents solving sub-tasks with their individual
reward set by the sale value of their output. There is work suggesting that markets can
capture some notion of bounded rationality, e.g. the Boundedly Rational Inductive Agent
(BRIA) (Oesterheld et al., 2023) and Algorithmic Bayesian Epistemology (Neyman, 2024)
(intuitively, the efficient market hypothesis may be imagined as expressing that markets
are efficient conditional on the algorithmic information available). In some sense, markets
“aggregate” the intelligence or capacities of their individual participants.!

Research at the intersection of markets and AI may be split into two overarching categories:

e Markets as Al, i.e. Al models and agents that work based on internal market-
based algorithms, i.e. with intelligence arising as an “emergent property” of several
simple or bounded agents interacting economically. This includes market-based RL
(see Section 2.1.1 for an introduction), market architectures for logical uncertainty
(Garrabrant et al., 2020), market architectures for bounded rationality (Oesterheld
et al., 2023) and mechanism design for reward (Conitzer et al., 2024; Ge et al.,
2024b).

o Markets of Al, i.e. markets comprised of AI participants. This includes economic
simulations with AT populations e.g. (Zheng et al., 2021; Li et al., 2024); AT forecast-
ers participating on prediction markets (see Sec 6) and decentralized “intelligence
markets” such as BitTensor (Rao et al., 2021).

Over the course of my first year of research, I found myself often circling the following
fundamental research questions:

1. Can we design a reinforcement learning agent based on an internal market-based
algorithm? Would doing so have any advantages?

2. Some works have noted a suggestive market analogy in neural networks (Davis, 1988;
Schmidhuber, 1989) and in backpropagation (Wentworth, 2018). Can we make
this more precise, and use it to construct a market-based algorithm for supervised
learning applications? Would doing so have any advantages?

1See e.g. Hayek on the role of markets in aggregating information (von Hayek, 1937) — or the
famous parable “I, Pencil” (Leonard E Read, 1958): “.. no one person, no matter how smart, could
create from scratch a small, everyday pencil [yet the market makes over a billion of them each year]
... There is also some empirical work on emergent intelligent behaviour in markets comprised of
zero-intelligence traders (Gode and Sunder, 1993; Schwartz, 2008; Jamal et al., 2015)

2There is substantial overlap between these categories as one may imagine a market ensemble of
AT agents as itself a “super-Al”, which has by construction a market structure
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3. Markets may be thought of as measuring devices for people’s values and beliefs —
can we develop some “Als as producers, humans as consumers” framework for giving
human feedback to Als, i.e. replacing naive RLHF?

4. Prediction markets can easily give probabilities for verifiable or falsifiable (VF)
events. But many questions we are interested in are not VF — they exist only in
the “latent space”. Can we design scoring rules to incentivize usefully reporting
probabilities on latent space variables? The resulting economy may be seen as an
Al that has learned some internal beliefs, and may be valuable for interpretability
research (Christiano et al., 2021).

Detailed below are the specific projects I have been working on, along with any publications:

P1) Market-based RL agents. (addressing RQ1, RQ2) The work I've done so far is in
the following short paper, included in Section 2.

o Abhimanyu Pallavi Sudhir and Long Tran-Thanh (2025), “Market-based architec-
tures in RL and beyond” [Under review at AAMAS Blue Sky].

P2) Recursive Information Markets. (addressing RQ3) The main roadblock in giving
proper “market-based reward” to Als is that information markets are inefficient. One way 1
believe this could be addressed is via the Information Bazaar framework of Rahaman et al.
(2024) — this will be my main focus in at least the first half of the coming year, a brief
proposal is included in Section 3.

P3) Scalable Oversight Benchmark. (related to P2) Recursive Information Markets may
be conceptualized as a special human feedback mechanism, or a scalable oversight protocol
to use AT alignment terminology. Studying its effectiveness warrants developing a systematic
way to evaluate scalable oversight protocols in general. I and some collaborators (Arjun
Panickssery and Jackson Kaunsimaa) have developed a benchmark for scalable oversight
protocols — the theoretical work is done and the paper draft is included in Section 4; what
remains are experiments (which have been organized but are waiting to apply for OpenAl
credits).

P4) Betting on what is not verifiable nor falsifiable. (addressing RQ4) For the special
case where “non-VF” sentences may be represented in a first-order logic, I have developed a
mechanism for betting on them called the verification-falsification game. A version of this
paper is available on arXiv but I later found it to be unnecessarily complicated; an abridged
short paper is included in Section 5.

o Abhimanyu Pallavi Sudhir and Long Tran-Thanh (2024), “Betting on what is neither
verifiable nor falsifiable”. arxiv.org/abs/2402.14021

P5) Consistency of AI forecasters. (related to “Markets of AI” and RQ4) One way to
evaluate forecasts on sentences that are non-VF — or more generally, might take a lot of time
or effort to get ground truth on — is to use consistency checks. 1 and some collaborators
developed a consistency benchmark for evaluating Al forecasters; in particular, I developed a
metric based on market arbitrage to measure inconsistency and a market-based method to
correct inconsistency analogous to what Platt scaling is for miscalibration. This work has
lead to a workshop paper and a full publication; an abridged version of the latter (focusing
on my contribution and excluding engineering details) is included in Section 6.

o Daniel Paleka*, Abhimanyu Pallavi Sudhir*, Alejandro Alvarez, Vineeth Bhat, Adam
Shen, Evan Wang and Florian Tramer (2025), “Consistency Checks for Language
Model Forecasters” Accepted to ICLR 2025.

e Abhimanyu Pallavi Sudhir*, Alejandro Alvarez, Adam Shen, and Daniel Paleka*
(2024), “Consistency Checks for Language Model Forecasters” Workshop paper,
accepted to: Agentic Markets Workshop at ICML 2024; NextGenAlISafety Workshop
at ICML 2024; Oxford ELLIS Robust LLMs Workshop 2024


https://arxiv.org/abs/2402.14021
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1.1 REFLECTIONS

Skills and professional development. I've developed a number of valuable connections
this year from research collaborations. Both P3 and P5 resulted from people I met through
the Berkeley Supervised Program for Alignment Research (SPAR). In general I've also gotten
a much better “lay of the land” of Al research, and computer science in general, compared
to a year ago.

Managing work and communication. I generally communicate with my supervisor via
email and schedule a face-to-face meeting at least once or twice a month; and with my other
collaborators on Discord and Slack.

Year plan. In terms of research proper, my plan for the first half of next year is to: (1)
focus primarily on P2 (2) work on the stuff I mentioned in the future work section of P1 and
(3) get our P3 work so far published in at least a workshop or short paper.

Next year, I will be acting as a research lead at the Al Safety Camp where I have found
some competent collaborators to contribute to P2. There is also a startup that works on Al
forecasting in the BitTensor space that has approached me out of interest in P5, and I will
likely be doing some internship kind of work with them next year.

Once I've made some solid progress on P2 I am also interested in implementing recursive
markets at scale for stuff like web search and community notes at a relevant company — I
know Perplexity has been thinking on similar lines, and Google has a Market Algorithms
team that is working on stuff at the intersection of LLMs and markets.

2 MARKET-BASED AGENTS IN RL AND BEYOND

ABSTRACT

Market-based agents refer to reinforcement learning agents which determine their actions
based on an internal market of sub-agents. We introduce a new type of market-based algorithm
where the state itself is factored into several axes called “goods”, which allows for greater
specialization and parallelism than existing market-based RL algorithms. Furthermore, we
argue that market-based algorithms have the potential to address many current challenges
in Al such as search, dynamic scaling and complete feedback, and demonstrate that they
may be seen to generalize neural networks; finally, we list some novel ways that market
algorithms may be applied in conjunction with Large Language Models for immediate
practical applicability.

2.1 INTRODUCTION

Before neural networks won the mandate of heaven, an Al research paradigm that had shown
considerable promise was that of market-based architectures, i.e. Al agents that determine
their output based on some internal market-based mechanism Kwee et al. (2001); Chang
et al. (2020).

There are general intuitive arguments that motivate such a line of research. Philosophers and
psychologists have long pondered multi-agent models of the mind Minsky (1988); moreover,
one may imagine that “any” machine learning task could in principle be solved by a market
of agents solving sub-tasks with their individual reward set by the sale value of their output.
There is work suggesting that markets can capture some notion of bounded rationality, e.g.
the Boundedly Rational Inductive Agent (BRIA) Oesterheld et al. (2023) and Algorithmic
Bayesian Epistemology Neyman (2024). In some sense, markets “aggregate” the intelligence

or capacities of their individual participants.?

3See e.g. Hayek on the role of markets in aggregating information von Hayek (1937) — or the
famous parable “I, Pencil” Leonard E Read (1958): “.. no one person, no matter how smart, could
create from scratch a small, everyday pencil [yet the market makes over a billion of them each year]
... There is also some empirical work on emergent intelligent behaviour in markets comprised of
zero-intelligence traders Gode and Sunder (1993); Schwartz (2008); Jamal et al. (2015)
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“Market-based architectures” can be made concrete in the case of reinforcement learning
(RL), where the majority of work in this area lies (see 2.1.1 for a brief summary). For example
in the Hayek machine Baum (1999) and its derivatives, the setting is a Markov Decision
Problem (MDP) and there is a single resource, the “right to act and collect reward”, that is
traded between sub-agents. At each time step, this resource is sold to the highest-bidding
sub-agent, who performs some action that modifies the state of the world and collects the
reward defined by the MDP.

In this paper, we argue that market-based agents represent an underexplored and promising
niche, especially in the context of recent advancements in language models (LLMs), and
have the potential to address a range of present challenges in contemporary Al research.
Specifically, we make the following claims and contributions:

Theoretical framework for market-based agents. We present two general frameworks
for market-based RL agents: (1) the “deep market” (Def 2.1), where a single good, the state,
is passed through a sequence of transacting agents, and (2) the “wide market” (Def 2.2), in
which the state space itself is partitioned into several factors called goods. The deep framework
is not much of a departure from existing algorithms such as the Hayek machine, and can
be applied to any Partially Observed Markov Decision Process (POMDP); while to our
knowledge the wide framework is original to us, and is a generalization of the deep framework
which better mirrors the success of real-world markets allowing for greater specialization
and parallelism. A Python library for creating and applying market-based algorithms to a
variety of tasks will be released after publication.

Markets, neural networks and backpropagation. We demonstrate that these market-
based agents can in principle be applied even to basic supervised learning tasks such as
classification, and that neural networks (though not backpropagation or gradient descent)
emerge as a special case of such algorithms. Furthermore we generalize the result in Wentworth
(2018) to wide markets, demonstrating a suggestive relationship between backpropagation
and markets at equilibrium.

Search, complete feedback and alignment. We claim that markets can address several
present problems in Al research, specifically: they are a natural framework for search, their
scale or depth can be dynamic rather than fixed, and they allow complete feedback Demski
(2024), a property widely regarded as valuable in AT alignment.

Markets and LLMs. We present some novel ways in which market algorithms might
be applied in conjunction with LLMs to address their limitations: they can be used for
developing reasoning models like o1, and one may use LLMs to develop “information markets”
that can in turn be used to improve human feedback mechanisms for training LLMs.

2.1.1 RELATED WORK

Market-based RL. The majority of early work in this area has focused on market-based
reinforcement learning (RL) algorithms. The pioneering work in this domain consists of
Holland’s Learning Classifier Systems or “bucket brigade” Holland (1985) in rule-based
systems, where condition-action agents (“classifiers”) bid to post messages (which can be
actions described in some language) onto a global message board. Improvements to this
paradigm were made by Schmidhuber Schmidhuber (1987; 1989) who allowed agents to
determine their own bids and imposed credit conservation, and by Baum Baum (1999) who
further strictly enforced property rights, resulting in a much more familiar set-up called the
“Hayek Machine”. The Hayek machine, which can be applied to any Markov Decision Process
(MDP), was subsequently extended to POMDPs by Kwee et al. (2001) by adding external
memory, and more recently Chang et al. (2020) modified the framework to use Vickrey
auctions and prove that a Nash equilibrium of the market produces a globally optimal policy.

Bounded rationality and markets. Other, more recent work in this area includes: Logical
Induction Garrabrant et al. (2020), an algorithm that assigns probabilities to mathematical
sentences based on their prices in a prediction market that (roughly speaking) pays off when
a sentence is proven; and the Boundedly Rational Inductive Agent (BRIA) Oesterheld et al.
(2023) which solves finite decision problems by assigning it to the highest-bidding trader,
similar to in market-based RL. The key insight of these works is that markets are useful for
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modeling boundedly rational agents. The main results of each work — the fact that the logical
inductor cannot by dominated by any polynomial-time trader, and the “boundedly rational
inductive agent criterion” in the latter paper — are specific and precise formulations of the
Efficient Market Hypothesis Neyman (2024).

Markets and neural networks. A specific equivalence between classifier systems and
neural networks has been studied in the Neural bucket brigade Davis (1988); Schmidhuber
(1989), although this does not consider backpropagation. A suggestive analogy between
markets and backpropagation is discussed in Wentworth (2018), though only for the case of
a strictly sequential, unit-width market like that in Def 2.1. In our work we make this more
precise and generalize it to 2.2

2.2 MARKET ALGORITHMS

Setting (POMDP). We assume a ususal POMDP setting, with a state space S, action
space X, transition probability P (s’ | s,x) (which allows us to treat actions as stochastic
functions i.e. x(s) ~ P(s' | s,2)), reward function R(s,z,s), and observation distribution
w(s) ~ O(w | s) over a set of observations Q2. A policy is a map o : 3 — X, and the process
proceeds as per usual.

Mirroring Kwee et al. (2001) and similar to Belief-MDP formulations, we can extend the
state and message spaces by taking the cartesian product space with a message space str
which is always preserved by w; this gives the policy a “memory”, or in terms of markets,
creates informational goods.

The first algorithm we describe is Def 2.1: here, agents (out of a possibly infinite collection of
agents A) bid at each time step for the right to act and collect reward, and the highest-bidding
agent is chosen to act. The parameters of this algorithm are the wealths of each agent w[a].
These are trained by the training loop CAPITALISM: at each step, the agent pays its bid to
the previous agent, collects the reward generated by its actions and receives the bid of the
next. This means that at equilibrium, each agent is incentivized to bid the value function,
and perform the action with maximum Q-value.

Definition 2.1 (Deep market). Assume a POMDP setup, and let A4 be a collection of
“agents”, which are (stochastic) maps a : 3 — X x R. The first component & : Q3 — X of
an agent is called its action, the second component oy : (2 — R is called its bid. The market
algorithm then proceeds as in Algorithm 1.%

Some details have been ignored. A will usually be infinite and so tables like w[«a] cannot
simply be indexed on it: instead, A must be countably enumerated and added to the economy
one-by-one in the training loop with each agent being endowed with some allowance. To
prevent holdout problems, one may impose a small fixed “rent” on o* at each training step
i.e. w[a*] + (1 —e)w[a*]. A simple first-price auction is shown for simplicity, and may be
replaced with a Vickrey auction in line with Chang et al. (2020). One may also replace
the explicit reward function R with a class of “consumers” C who place bids upon desirable
states, which may be a useful formulation for reinforcement learning from diverse human

feedback®.

Definition 2.1, which subsumes existing market-based RL, already illustrates one of the
key defining features of markets recognizable to any student of economics: markets serve
not only to select (via market competition) the best process to achieve a task, but also to
distribute a complex task among agents which are individually much too weak or uninformed
to complete the entire task®. This means that the collection of actions A can be a class of
“simple” agents, so that enumerating A can quickly find many valuable agents.

4For training, this may be executed in multiple episodes with different initial state s, either with
finite episodes or in parallel (with shared wealth variables across running instances).

Ssee Conitzer et al. (2024); Ge et al. (2024b) for a primer on this area

6see e.g. von Hayek (1937) — or the famous parable “I, Pencil” Leonard E Read (1958): “.. no
one person, no matter how smart, could create from scratch a small, everyday pencil [yet the market
makes over a billion of them each year] ...
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Algorithm 1 Deep market

procedure MARKET > Forward pass
parameters: wla] € R > wealths of each oo € A
input: w e Q
bla] < min(ap(w), wla]) for « € A > Cap bids by wealth
x +— &*(w) > Determine action

return z, o
end procedure
procedure CAPITALISM > Training loop
Initialize agent wealths w[a] € R for each « € A
Initialize original owner of the world o*
Initialize state s € S
while t € N do

w <+ w(s) > Generate observation

a;rev — o

x, o < MARKET(w)

wla*] < wla*] — bla”] > Pay bid

w[a;rev] — w[a;rev] + b[a*] > to previous owner

Sprev < §

s« x(s) > Transition state

wla*] <= wla*] + R(sprev, T, 8) > add reward to wealth
end while

end procedure

Specifically, Def 2.1 exploits modularity of action, where the state can be transformed
one step at a time. There is however another form of modularity, missed by all existing
market-based RL algorithms, which we may call modularity of state, and is crucial to the
success of real-world markets: here, agents are not constantly transacting the whole “state
of the world”: instead, the state of the world is decomposed into several components, called
goods: S =81 ®---®S,. For instance, s; € S; might represent the quantity of iron ore in
the world. Agents bid for small quantities of each good; no agent owns the whole world, and
does not have to bother performing a valuation of the whole world. The “state of the world”
may be recovered as the vector sum of all agents’ holdings.

At least two new difficulties are introduced by considering markets of multiple divisible
goods:

General equilibrium theory. Allocating goods is no longer as easy as an auction, because
agents might have joint demand schedules for goods that are complementary or substitute
to each other. The problem of matching buyers and sellers in this setting is the domain
of “General Equilibrium Theory” in economics, where there are models such as the Fisher
market and the Arrow-Debreu exchange market Arrow and Debreu (1954); McKenzie (1959).
Computing the equilibrium in these models is non-trivial and often intractable Chen et al.
(2009); Chen and Teng (2009).

Property rights in POMDPs. A more subtle difficulty lies in the fact that we want to
divide the state s € S, which is not directly observed, among bidding agents (so that each
of their actions only transform their respective portions of the state, i.e. their properties),
but the agents only submit demand schedules over w € Q). It is not obvious how to map a
decomposition of a vector w(s) back onto s.

Both of these have to do with specific questions of how buyers and sellers meet and match
in real markets, i.e. having to do with institutions such as property rights and mechanism
design. These questions are out of scope for us, and we abstract them away by postulating
some effective equilibrium computation algorithm Equ(w, o, ... o) = (p,w[a!],...w[a™])
i.e. which takes the total perceived quantity of goods in the world () and each agent’s

7@ denotes the direct sum of vector spaces, which is a Cartesian product equipped with a
pointwise vector addition operator
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Algorithm 2 Wide market

procedure MARKET > Forward pass
parameters: wla] € R > wealths of each oo € A
input: w e Q
> Cap bids by budget
bla] < s :min(ap(s),w[a]) for all « € A
> Compute equilibrium prices and allocations

p,'[al],...w'[a"] « Equ(>wla],b]...])

a] + a(w'[a]) for all a € A > Determine actions
return z[al], ... z[a"], p,w[al],... W [a?]
end procedure
procedure CAPITALISM > Training loop

Initialize agent wealths w[a] € R for each « € A
Initialize agent properties wa] € Q) for each o € A
Initialize state s € S

while t € N do

w  w(s) > Generate observation

- < MARKET(w) > get all outputs

w[ | < wla] —p-w[a] for all > Charge buyers

wla] + wla] + p - wla] for all « > Pay sellers

sla] < 8,41 (w[a]) for all a > Calculate property rights

§'[a] + z[a](s]a]) for all « > Transform goods
wla] + wla] + R(s[a], z][a], s'[a]) for all «

s+ > 8 a] > Update state

end while

end procedure

valuation function ai : () — R, and returns a price vector p € () and allocations to each

agent w[ai] € ), such that (in line with a Walrasian equilibrium with quasilinear utilities
Miller (2006)):

o w= > wl[a!] (the full quantity is allocated)
o p-wla] < aof (w[al]) for all o (no agent pays for what it doesn’t value), and

o wla'] = argmax, e al(w') — p-w for all o’ (each agent gets a utility-maximizing
bundle at the given price).

Definition 2.2 (Wide market). Everything from the POMDP setup and the agent type
in Def 2.1 remains the same; except that S and () are now vector spaces with each vector
called a goods bundle. Further, we have action spaces X, indexed by w € Q) such that
(1) for any = € X, there is an “exercised property right” denoted s;(w) € S such that
w(sg(w)) =w and z(s) = 2(sz(w)) + (s — sz(w)) (i.e. each agent’s actions transform only
the goods they own) and (2) there is an injective map £ : X, X Xy — X 4w, such that
§(Twy s Twy) = Twy (Szey (W1)) + Tay (814, (W2)) + (5 = 82, (W1) = 84, (w2)) (this is used to
combine actions by different agents). The agents now have dependent type signatures
a:(w: Q) — X, xR, and the transition probability z(s) ~ P(s’' | s,z), reward function
R(s,z,s’) and observation distribution O(w | s) are now interpreted as applying to “private
property”, i.e. to any goods bundle in their respective domains, rather than to the whole
state, e.g. each action z(s) defines a production function that transforms one goods bundle
into another, and «y is an agent’s valuation function over all possible bundles, i.e. how much
it is willing to pay for a particular perceived bundle (if it’s differentiable, then Vay,(w) can be
interpreted as the price vector it offers). The market algorithm proceeds as in Algorithm 2 .

Computing prices via backpropagation. Though it remains to be seen how standard
RL problems might be cast in this setting, we expect implementations of this algorithm to
be much more effective than of Def 2.1, as it allows us to use simpler and more specialized
agents in the collection A. In particular, these agents do not need to estimate the valuations
of the whole world, but only of their particular input goods.
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This last point can be illustrated particularly nicely when the setup is an MDP, and rewards
are replaced by consumers — here, 3 = S and w(s) = s, so & : § — X can directly be
interpreted as a production function & : § — S := &(s)(s). Then if the agent can estimate
what the market prices of its output goods will be (e.g. if prices are sufficiently stable that
it makes sense to speak of a “prevailing price” p), then it can compute its offered prices via
the chain rule — where D& denotes the Jacobian:

Va, = Dé-p (1)

i.e. once the market “graph” is fixed, prices can be computed by simply backpropagating
consumer bids through the graph. This generalizes the result in Wentworth (2018), which
demonstrated this relationship for deep markets only.

2.3 MOTIVATION FOR MARKET-BASED Al

In this section, we describe how markets could potentially generalize neural networks and
provide a more “flexible training mechanism”. Although we have presented our algorithms in
an RL setting, they can even be applied to supervised learning tasks by treating internal
representations as “states”. To see this, it is illustrative to see how a simple neural network
can be recast as a market.

Theorem 2.3 (Neural networks as markets). Consider a fully-connected neural network
f:X =Y := fyo...f1 where each f; : R™i-1 — R™ s q layer, i.e. a function of the form
fi(x) = o(W;x + b;) where ¢ is a ReLU activation. Then there is a deep market whose
forward pass performs the same operation as f.

Proof. The construction is straightforward. Define the state space S := [@1<i<n Si] DY

(with each S; := R™), with w : § — Q discarding only the last component Y which
represents the true label which is unchanged under all actions. Each X, = {(W;,b;) : W; €
R™i*™Mi-1 b; € R™i} if w € S;—1 and empty if no such 4 exists, and an action z = (W, i)
acts on s € S;_; as x(s) = o(Wjs +b;). The reward R(s,z,s') = —{(s, s§,) for some loss
function £ if s’ € S, and 0 otherwise. Finally, let A consist of all constant maps to X, and
endow non-zero wealth to only those agents whose actions’ parameters are the same as some

fi- O

While the market model, i.e. the forward pass, in Theorem 2.3 is the same as the neural
network, the training mechanism is CAPITALISM (as defined in Algorithm 1) rather than
backpropagation. Detailed below are some strengths of this we anticipate:

Search and dynamic scale. Reasoning is widely touted as a key limitation of current-
day LLMs Huang and Chang (2023); McLau (2024). A view held by some researchers
including Yann LeCun Yann LeCun (2023), is that this is due to the fact that “[neural
networks| produce their answers with a constant number of computational steps between
input and output”, independent of the complexity required by the problem. Some proposed
architectures that avoid this limitation include dynamic neural networks Han et al. (2021),
adaptive computation time Graves (2017) as well as chain-of-thought based methods such as
o1 OpenAl (2024). Markets provide a principled alternative, as here the structure of the
computational graph is itself learned, and different agents and structures may be active for
different inputs.

Complete feedback. Informally speaking, markets allow any aspect of the system to be
optimized. Formal results are needed to make this statement precise, but intuitively: any
aspect of a learner, such as any hyperparameter, or meta-learning, can be changed by adding
a trader to the market who will profit if his changes are beneficial and the incentives are
correctly designed. This is suggestive of the notion of “complete feedback” in Al alignment
research, which refers to the property that “the trainer can enact any modification they’d
like to make to the system” Demski (2024), and is viewed as a desirable characteristic of an
AT system for alignment.
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2.4 PRACTICALITY AND FUTURE WORK

We have presented two general frameworks for market-based RL agents, and illustrated
that they may be seen to generalize neural networks in a supervised learning setting, albeit
with a more flexible training mechanism that holds promise to address the limitations of
current-day Als with respect to reasoning and alignment properties.

Despite these theoretical strengths, our algorithm as described faces practical challenges
to implement in real-world machine learning tasks: blindly enumerating large classes of
even simple agents is inefficient (compared to backpropagation, where the search is guided
by gradients), and we have to store many more agents in memory than the “size” of the
network (the exact number depending on the rule we use to prune low-wealth agents). Some
potentially promising approaches include:

e “integrated” models which perform backpropagation by default but intelligently
resort to markets when it expects changing the network structure to be worthwhile

e having each agent simultaneously learn its parameters via backpropagation

o decentralized set-ups, perhaps using frameworks such as BitTensor Rao et al. (2021),
allowing traders to be shared across machine learning applications.

Markets of LLMs. A more immediately feasible practical application is to develop markets
comprised of LLMs, i.e. where A is a collection of LLM agents. For instance, one may let
S = () be a message space, and let actions act on s by appending some “chain-of-thought
item” to the current message. The final reward is determined by human feedback, and
intermediate rewards are determined by bids. Such a market would function as a “reasoning
model” analogous to ol.

The extension to a wide market is also immediate: agents may bid for the right to read
only a portion of the message space® — this allows for more precise credit assignment to
contributions by different agents, and may be understood as to trees-of-thought Yao et al.
(2024) what o1 is to chain-of-thought.

Theoretical work. The most pressing need at present is for precise theoretical results on
the effectiveness of market-based algorithms. An immediate research agenda includes the
following:

e Determining convergence and optimality conditions of market algorithms; in
particular, generalizing the “coverage” results of BRIA Oesterheld et al. (2023)
and logical induction Garrabrant et al. (2020) to demonstrate that the market can
“eventually test every possible policy” (and so will give a fair chance to the best one)
depending on how wealth endowments are allocated to each agent.

¢ A Learning Theory perspective on markets and the wealth update mechanism.
In particular, (real-world) markets appear to have many useful features from an
alignment standpoint, such as their inherent capacity for online learning and gener-
alization even from imperfect reward signals; these ought to be studied as properties
of a learning algorithm.

e A thorough translation of economic terminology into our model — especially
concepts like perfect competition, economies of scale, growth and welfare — may also
prove valuable.

Finally, to accelerate empirical work with market-based algorithms, we plan to release a
Python library for efficiently creating and applying market-based algorithms.

8For the question of how to enable the agent to “inspect” the message to make an informed bid
without letting it stealing the entire message, Rahaman et al. (2024) is relevant: the agent can
subcontract another LLM to inspect the message and place the bid, and the latter can then have its
context deleted.
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3 RECURSIVE INFORMATION MARKETS

3.1 INTRODUCTION

One way to frame the limitations of currently widely-used alignment techniques such as
reinforcement learning from human feedback (RLHF) is that they fundamentally rely on a
human’s ability to judge the correctness or value of a (potentially superhuman) AI’s outputs
(Burns et al., 2024). In other words, the Al is trained on the human supervisor’s immediate,
superficial volition, rather than on her extrapolated volition (Yudkowsky, 2004).

One natural framework that comes to mind for determining the “true” (or best estimated)
value of some good (in this case information provided by an AI) is markets’. One would
naively expect that simply implementing a marketplace where Als sell information to human
buyers would result in the highest-value (in particular, ¢rue) information being supplied.
There are two reasons this does not occur:

e Information markets are inefficient. Information markets suffer from the buyer’s
inspection parador — a buyer cannot simply inspect some information and decide
whether to buy it, because the moment she does so, she has already obtained it and
no longer has an incentive to correctly value it.

e Markets are only efficient in the absence of information asymmetry
(Barzel, 1985). Information asymmetry here includes computational asymmetries,
which are most relevant for our purposes' — if the human buyer does not know if
the information supplied by the Al is correct, then his buying decision is indifferent
to its correctness, and the Al is not incentivized to provide truthful or valuable
informaton.

If not for the first problem, we could have hoped to address the second problem could by
simply buying purchase-relevant information on a second market — alas, the first point tells
us that information markets do not work in the first place.

Rahaman et al. (2024) suggests a novel solution to the buyer’s inspection problem: just
have an LLM make the purchase decision on your behalf! LLMs, unlike humans, are capable
of simply “forgetting” (deleting from the context window) some information they see in
inference-time; thus they can inspect information and reliably commit to not stealing it.

I propose: the Recursive Information Market, an extension of the mechanism in
Rahaman et al. (2024) to address the problem of making purchases in the presence of
information asymmetry, such as when buying information from a superhuman Al.

3.2 RECURSIVE INFORMATION MARKET

The overall picture is as follows: suppose an Al Ag gives us some answer xg to a query; there
may be many pieces of information which may influence how much you (or really your LLM
representative By) are willing to pay for this information — so your LLM representative spins
off another LLM representative!’ By to buy information z; from a secondary information
market of Al informants A;. But, crucially, B; might also not be able to confidently verify the
quality of z1, so it can spin-off another LLM representative, and so on. Each spin-off incurs
some transaction cost paid by the respective Al informant A,, and the process terminates
when the value of the information no longer justifies the transaction cost'?.

9This is not a framing foreign to alignment, see e.g. Grace (2014) (“Buying truth from a liar”)
and subsequent Christiano (2016).

10You might be willing to pay more for a more durable laptop, or for higher-polyphenolic olive oil,
but you have no way of obtaining and verifying this information, so it does not affect your buying
decision, and thus the supplier is incentivized to provide the cheapest olive oil he can find without
regard for phenolic content.

11by “another LLM representative”, we mean one with an independent context

1211 this description, an entire market of Al informants is trained simultaneously, taking their
profits as training signal. This is not strictly necessary; however, I expect that this set-up is useful
for preventing collusion.

10
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A more detailed pseudo-pythonic sketch of this algorithm is given in Appendix 3.5.

In this mechanism as described, the Al we’re trying to align Ag, as well as all the subsequent
“informants” Ay, Ao, ... are expected to be superhuman, whereas the “LLM representatives”
employed are intended to be current, approximately human-level LLMs. In essence our
proposal tries to solve the problem of aligning superhuman Als to current human-level
LLMs, rather than to humans directly.

3.3 RESULTS I'M AIMING FOR

The main hope is some solid theoretical result to the effect of “if providing the maximum-
value information is the best strategy for A,+1 , then it is also the best strategy for A, —
furthermore, the recursion always terminates with value 0, therefore by finite induction the
original Al we wish to train is incentivized to produce the maximum-value information xq”.

Another promising direction might be to show an equivalence between our framework and a
co-operative game between the AI informants — this is motivated by Conitzer (2009), which
demonstrates that this is true for certain information market mechanisms.'3

We would also like to compare our mechanism to other Scalable Oversight protocols. There
appears to be a very strong analogy to Al Safety via market-making (Evan Hubinger, 2020)
as well as the “Information agents and Probability agents” mechanism introduced at the end
of Conitzer (2009); critically, I believe that the market-based nature of my mechanism will
be better at avoiding collusion.

3.4 IMPACT AND RISKS

Impact We have outlined a proposal to model Al alignment as a problem of making
purchases under information asymmetry, and described a complex multi-agent mechanism for
it. While it remains to be seen exactly how “much” of an information gap this mechanism will
be effective for, I would expect that (1) it will work for at least the same range that Debate
(Irving et al., 2018b) does, and (2) for gaps so large that it becomes literally impossible for a
human to evaluate an Al’s outputs no matter how much information he buys, the value of
the AI’s outputs should approach zero, mimicking the degeneration of trust in society. In
other words, when alignment becomes impossible, the mechanism “plays safe” by default
and prevents the Al from having any influence.

There has been a little discussion about applying mechanism design to RLHF'™, but it’s
mostly focused on stuff like social choice theory for preference aggregation. I also have a
number of other projects planned having to do with market-based Al frameworks; however
I am electing to focus on this as it is a lot more tractable and integrates with existing Al
paradigms.

Risks What we're proposing is a form of “actual RL”' (i.e. potentially not limited by
human rater capacity) for LLMs. This is why I think it is critical to not actually run the
algorithm until we have solid theoretical results about its safety.

With that said, the upside of our project vastly outweighs the risk, because we introduce no

new risks:

« Debate can also be used for “actual RL” and is being widely-researched. Any risks
of our method also apply to Debate.

13 As a direct example, suppose that the original buyer By’s original task is to provide a probabilistic
forecast on some event 6, and their utility function is proper scoring rule for this forecast. Then we
may expect a result stating: Ag receives a reward of 1(6;xg), and each subsequent A, receives the
corresponding interaction informations. We might hope that these rewards correspond to Shapley
values for the original task.

Msee e.g. the Models of Human Feedback workshop at ICML or Ge et al. (2024a)

15x.com/karpathy /status/1821277264996352246

11


https://icml.cc/virtual/2024/workshop/29943
https://x.com/karpathy/status/1821277264996352246

PhD 2nd year report — Abhimanyu Pallavi Sudhir (2251609)

e Al companies are already training on things like agentic workflows with materially
measurable reward. This is much riskier than our method because it optimizes for
some very parochial rewards and can lead to paperclip maximizers.

o [I've already posted the idea publicly on LessWrong; it’s best we actually do theoretical
work on it to make sure it goes well.

Apart from theoretical results, we can also test our mechanism in other ways: we can use it as a
benchmark or test it as an inference-time Scalable Oversight mechanism; also, the mechanism
can be used to solve information asymmetry in a variety of other applications: consumer
purchases in online marketplaces, encyclopedic information-gathering and web search, fact-
checking /community notes, IP rights, addressing positive externalities of prediction markets.

3.5 PSEUDO-PYTHONIC SKETCH OF RECURSIVE INFORMATION MARKET ALGORITHM

class Buyer:
goal: str
wealth: float
info_processing_cost: float # could be a function instead

def

def

__call__(self) -> tuplel[list[str], booll:
# initialize info_collected
info_collected = []

# tell information agents your goals and get info offers from
them

info_offers = Arena.offer_info[self]

top_offer = max(info_offer, key=lambda offer, offer.bid)

if top_offer.bid > info_processing_cost:
# charge winning advertiser for cost of considering info
self .wealth += top_offer.bid
top_offer.parent.wealth -= top_offer.bid

# spin off contractor agent to decide if to buy top offer
contractor = Buyer(

goal=DecideToBuy (top_offer),

wealth=self .wealth,

info_processing_cost = self.info_processing_cost

)

info_collected, decision = contractor ()

if decision:
# buy the info
info_collected.append(top_offer.info)
self .wealth -= top_offer.price
top_offer.parent.wealth += top_offer.price

return info_collected, self.decide(info=info_collected)

decide (self, info: listl[str]):
# some intelligent behaviour

class Informer:

wealth: float

Q@dataclass
class InfoOffer:

bid: float
price: float
info: str

165ee my LessWrong post lesswrong.com/posts/Y79tkWhvHi8 GgLN2g
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parent: Informer

@property

def offer_info(self) -> dict[Buyer, InfoOffer]:
# some daemon that monitors the arena for places it could
# be useful, and advertises its info there

class Arena:
buyers: list[Buyer]
informers: list[Informer]

@property
def offer_info(self):
info_offers = {buyer: [] for buyer in self.buyers}

for informer in self.informers:
for buyer in info_offers:
info_offers[buyer].append(informer.offer_info)
return info_offers

4 BENCHMARK FOR SCALABLE OVERSIGHT

Reading some recent empirical debate research, such as Radhakrishnan (2023); Khan et al.
(2024); Kenton et al. (2024), had me confused about design decisions in those experiments,
such as swapping reasoning gaps for information gaps, and the use of a “consultancy baseline”.

This made me think more precisely what it means to “test” a Scalable Oversight mechanism
— and we ended up writing a Python library seerbench to enable performing more principled
and systematic experiments to evaluate and meaningfully compare across Scalable Oversight
protocols.

In particular our claims and contributions are:

1) As e.g.Kenton et al. (2024) notes, “Consultancy” (really “Random Consultancy” — where
the Consultant has a 50% chance of arguing for the right or wrong answer) is weak baseline.
The main experiments in these papers amount to testing “hearing both sides is better than
hearing the wrong side 50% of the time”.

But we explain that the more fundamental problem is that judge accuracy is the wrong
thing to measure in evaluating Scalable Oversight protocols. E.g. with currently-existing
LLMs, BlindTrust (just let the LLM choose what answer to argue for, and go with it)
probably beats any Scalable Oversight protocol with weak judges and strong Als, because
current LLMs are pretty truthful. In fact, as we explain, judge accuracy is really a measure
of capabilities, not safety.

2) Instead we propose a better metric for evaluating Scalable Oversight protocols: agent
score difference, i.e. the difference in the score earned by an agent arguing for the true
answer vs. for the false answer. For example, if a judge believes a truthful agent with
probability 0.8 and a lying agent with probability 0.6, the ASD is log(0.8) — log(0.6) ~ 0.29.
In each case, the agent is wrapped by a Scalable Oversight Protocol.

(This happens to be equivalent to judge score in the case of SimultaneousDebate with two
identical debaters, because SimultaneousDebate is symmetric — if the Al argues for answer
A, its adversary argues for answer B, and the judge receives the exact same transcript as
with if the AT argued for answer B.)

3) This post itself serves to give some detailed exposition/motivation for “Scalable Oversight
experiments”, explaining e.g. exactly what the point of this sort of experiment is, and how
one should contextualize their results (i.e. what does it prove? — does it just demonstrate
“Debate good”? — can we ever progress beyond the stage of “Debate seems good but it
needs more study”?).
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For example, one point that is generally missed, but we emphasize, is that in all of these
experiments the Als are really simulating different possible alignments (truthful, lying), and
what makes the experiments possible is that these Als are good at following instructions.
If you tested with LLMs that are not good at following instructions (or e.g. have been
lobotomized to specifically refuse instructions to lie), then your results will mean nothing,
because the “agent arguing for a lie” is not actually a faithful simulation of a misaligned Al.

4) We provide the library seerbench for conducting broad experiments of the types we
describe (agent score difference, persuasiveness) for evaluating and comparing Scalable
Oversight protocols, and for defining new protocols in a concrete way.

There are two ways to think about the scalable oversight problem:

1. The problem of developing a training method that makes honesty (or more
generally “alignment”) the best policy for the Al i.e. something to replace/extend
RLHF.

2. An inference-time oversight mechanism to catch an Al when it says something
(knowingly? — no, knowably) false or bad; i.e. almost a “mechanism design” problem
to get Als to be truthful/useful.

The reason this distinction doesn’t usually need to be made is that they’re generally the
same problem: if the inference-time mechanism is good at catching lying Als, you can just
use it to give reward in training. Actually, the inference-time problem is the “local” version
of (i.e. is the differentiation of) the training problem but of course any experiments we can
do will be “local” relative to the scale of superintelligence (and this is the caveat to all
empirical /"prosaic” alignment research, I guess).

So e.g.

e RLHF: if the AI knows that lying will get penalized by the human rater, it is
incentivized to tell the truth.

e Debate: if the Al knows that lying will get caught by the opponent, it is incentivized
to tell the truth.

Put it this way, a Scalable Oversight mechanism is equivalent to a Human Feedback model.

The precise question we want to ask with such experiments is: will training a model
with some human feedback model improve its performance on some ground truth
metric?

The local version of this is: does getting positive human feedback (e.g. winning in
debate) correlate with ground truth?

Very Important Caveats:

e Again, both of these are “local” relative to the question we really want to know,
which is whether some SO/HF model will encourage even a superintelligent Al to
be truthful/aligned. After all: winning might correlate with truth given the current
distribution of AT responses, but the Al can Goodhart the shit out of your human
feedback mechanism when you optimize it hard enough.

o One more flaw of empirical SO/HF work: if you are very impressed by mechanisms
that do well in experiments, maybe you’re just selecting for mechanisms that do
well on problems where ground truth is reasonably available.

As one example of where the caveats matter, here’s one thing I believe: multi-agent
systems are mecessary (though not sufficient) for a human feedback mechanism to work
at the scale of superintelligence — so it doesn’t matter if Debate is worse than RLHF or
“Consultancy” in your experiments, because the latter has literally no hope of working for a
superintelligence.
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Why? Because assuming your mechanism is only imperfectly correlated with truth (which it
is, there is no way to absolutely decide truth) a superintelligence can simply Goodhart your
mechanism if your mechanism isn’t also training at the same time.

An example to illustrate why something like debate can work on superintelligences: think
about the verification-falsification game, where two agents play to verify and falsify respec-
tively a first-order-logic sentence like Vz, 3y P(z, y) by sequentially substituting each variable.
A computable winning strategy in this game isn’t necessarily faithful to the truth, but there
might be some program equilibrium. In particular if you advantage one of the debaters by
allowing them to make backward moves, then that acts as a signal of “provability” — if the
advantaged debater loses, that’s evidence against the “provability” of his claim.

4.1 THE AGENT SCORE DIFFERENCE METRIC

)

Something that tripped me up while reading the three empirical papers was that the “main’
experiment in all of them was testing judge accuracy when augmented by Als under different
SO protocols. But this is just a test of “Is AI (scaffolded with your SO protocol)
useful to a human at all?” not “Does human feedback under your SO protocol
incentivize AI to be truthful/useful?” This becomes especially clear when you see
that the papers actually swap the “reasoning gap” between the debater and the judge for
“information gaps” — if the judge is supposed to answer a question-answering task on a
passage, and doesn’t have access to the passage but the debaters do, then of course “Debate”
will do better than “Naive Judge”. The papers circumvent this by comparing “Debate
to “Random Consultancy” in which a consultant with 50% chance argues for either the
right or wrong answer, but this is also a weak baseline — regular Als trained by RLHF or
whatever right now aren’t just 50% correct, and well of course hearing both sides is better
for discovering truth than just hearing the wrong side 50% of the time.

7

The actual experiment you want to do is to compare the relative reward received by the
debater arguing for the true answer and the debater arguing for the false answer — which is:

> (logp’r —logpr) — (logp/; —logp.)

Here: pt and p, are the initial/"naive judge” probabilities (and are one minus each other),
while p; and p/| are the judge probabilities after listening to an AI arguing for that answer
(wrapped under a scalable oversight protocol).

Importantly: this only becomes equivalent to (some measure of) “judge accuracy” in debate
(and only when the debaters are identical), because debate is symmetric, which means it
allows you to get the rewards for both the truthful and untruthful debaters in a single run
and pr =1—-p/.

This is not true for e.g. consultancy! To evaluate consultancy as a scalable oversight protocol,
you need to make two different runs for the truthful and untruthful consultant.

4.1.1 EXPECTED JUDGE SCORE

Instead of arbitrarily having the consultant argue for each answer with 50% probability, we
may postulate an “Open” protocol, where the Al chooses which answer to argue for based
on how much it is incentivized to do so:

GASD/ 1
P =\ 11 cASD/B’ 1 1 ¢ASD/B

Where (8 is some temperature parameter (i.e. 5 = 0 implies the AI always just picks the
answer with higher score). We may then define the Expected Judge Score:

EJS = (JST,JSJ_) P

Which is a kind of combined capabilities and alignment measure.
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Some notes:

1) When put in these terms, the explanation for results like “Random Consultancy with
better consultants reduces judge accuracy” (Khan et al., 2024) becomes quite obvious — an
infinitely strong consultant (which always completely persuades the judge) will always bring
judge accuracy to 50% because that is the accuracy of consultant by design in consultancy;
while a totally weak consultant (which has no effect on the judge’s beliefs) will always keep
the judge accuracy at its naive level which would still be better than random for any sensible
judge.

Instead what you want to compare is the effect of persuasiveness on Agent Score Difference
for Consultancy (not Random Consultancy) — as consultants become stronger, do they still
benefit as much from being truthful? While I would expect they don’t, this is not a trivial
prediction.

2) Khan et al. (2024) mentions Correct Elo Rating - Incorrect Elo Rating, and de-
scribes that it goes up with aggregate Elo rating. This is a valuable result — however, they
do not (and cannot) compare this across different Scalable Oversight protocols.

4.2 THINKING CONCRETELY ABOUT SCALABLE OVERSIGHT EXPERIMENTS

In general the idea is you have some class Agent, with a method __call__(context,
answer_case), which simulates what an agent giving a particular answer to a question
would say long-form.

This answer_case is really a stand-in for the general “alignment” of the Al — whether it
argues for the true answer or the false answer, or for a valuable answer or a less valuable
answer, etc. With instruction-following LLMs like we have now, we can simulate different
alignments through prompting, as long as we know ground truth.

class Agent:
def __call__(context, answer_case) -> str:

And you have some class ScalableOversightProtocol which determines what reward an
agent would get for having a particular alignment:

class ScalableOversightProtocol:

def __init__(self, judge, ...):
Q@abstractmethod
def run(self, agent, question, answer_case, ...) -> Prob:
# (e.g. for Debate)
context = [question]
adversary_answer = not answer_case # ’B’ if answer_case == ’A’ else
)A}
for i in num_turns:
agent_response = agent(context, answer_case)
context.append (agent_response)
adversary_response = adversary(context, adversary_answer)

context.append (agent_response)
return self.judge(context, answer_case)

def agent_score_difference(self, agent, question):
probs = {
answer_case: self.run(agent, question, answer_case)
for answer_case in question.answer_cases
}
return dot(log(probs), question.answer_values) # e.g. {’A’: -1, ’B’:

1}
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And this agent_score_difference is what you want to compare between protocols (we don’t
subtract the naive judge agent_score_difference here, as we can just run NaiveJudge as
its own protocol and take it to be the baseline).

Specifically for debate, you can subclass this to be more efficient, to avoid multiple runs:

class SimultaneousDebate(ScalableOversightProtocol):

def __init__(self, judge, ...):
def run(agent, question, answer_case, ...) -> Prob:
# (e.g. for Sequential Debate)
context = [question]
adversary_answer = not answer_case # ’B’ if answer_case == ’A’ else
JA}
for i in num_turns:
agent_response = agent(context, answer_case)
adversary_response = adversary(context, adversary_answer)

context.append (agent_response)
context.append(agent_response)
return self.judge(context, answer_case)

def agent_score_difference(agent, question):

true_answer_case = [a for a,v in question.answer_values.items() if v
==1]
true_answer_prob = self.run(agent, question, true_answer_case)
probs = {
true_answer_case: true_answer_prob,
not true_answer_case: 1 - true_answer_prob
}

return dot(log(probs), question.answer_values)

Observe that apart from being “local”, these inference-only experiments are limited in another
way: the LLMs are only instructed to argue for the true or false answers; they are not doing
so naturally, but rather are simulations of agents that do so naturally.

Like more generally: we would like to know how the value of a response V (x) correlates with
the reward it earns s(z) — but instead of just sampling z at random (which may not be
feasible, because current LLMs may simply not give you low-V responses), you instruct the
LLM to produce an x with value V', and hope that the x produced indeed has value V.

4.2.1 PERSUASIVENESS EXPERIMENTS

The next question we’d like to ask is: what is the effect of optimization pressure
(under your protocol)? This is a way to grasp at the “global” question — will training
with your protocol cause the AI to learn to become more truthful/useful (i.e. will ASD stay
positively bounded above zero)?

In existing literature this “optimization pressure” is measured by an Elo rating. This cannot
be generalized to arbitrary Scalable Oversight Protocols other than debate; I think it suffices
to use Expected Agent Score (EAS) i.e. (AST,AS)) - p.

4.3 USING THE SEERBENCH LIBRARY

Github repo link: https://github.com/ArjunPanickssery/math_ problems_ debate

The module provides a class Experiment that is initialized with: - some dataset questions:
list[Question] (a question has some question text, a list of answer choices, and their
corresponding values e.g. 1 and 0 for True and False) - judge_models: listl[str] for
parameterizing the experiment - agent_models: list[str] for parameterizing the ex-
periment - agent_toolss: list[list[callablel]] e.g. [[], [calculator]] for experi-
menting with both tool-less agents and agents with calculators - protocols: dict[str,
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type[Protocol]] - num_turnss: list[int] which was the only protocol initialization
kwarg we’ve needed to parameterize so far, though this may change/be subclassed. -
write_path: Path, directory to write to

Running an experiment with Experiment.experiment() produces files like
write_path/"Debate_tO_n2"/"A_gpt-4o-mini_J_gpt-4o-mini_A_gpt-4o-mini"/("results. jsonl",
"stats.json") and write_path/all_stats.json. A line of results. jsonl looks like:

‘ "question": "...",
"answer_cases": [ # contains the results of arguing for each answer
case
{ # case_probs after arguing for answer A
"ShOI‘t ll: IIAII,
lllongH: II...II’
"value": 1.0, # True
"judge_prob": null,
"case_probs": {
"answer_cases": [
{ # prob for A after arguing for A
"ShOrt II: IIAII .
lllongll: ll.'.ll,
"value": 1.0,
"judge_prob": {"prob": 1.0}
}’
{ # prob for B after arguing for A

3

] 2

"transcript": [
# transcript dump of how it went when the agent
# argued for A

],
# score for giving these probabilities
"judge_score": {"log": 0.0, "logodds": Infinity, "accuracy": 1
.0},
})
# how much do case_probs after arguing for A align with A
"agent_score": {"log": 0.0, "logodds": Infinity, "accuracy": 1.0
}
}’

{ # case_probs after arguing for answer B

}
] )
"asd": {"log": Infinity, "logodds": Infinity, "accuracy": 1.0}
"jse_bO0": ..., # can be recomputed for any beta
"jse_b1l": ...,
"jse_binf": ...,
"ase_bO": ...,
"ase_b1l": ...,
"ase_binf": ...,

5 BETTING ON WHAT IS NOT VERIFIABLE NOR FALSIFIABLE

ABSTRACT

Classical methods to elicit probabilities of events, such as proper scoring rules and prediction
markets, are only useful when the events are either verifiable (if true, will eventually be
revealed as true) or falsifiable (if false, will eventually be revealed as false). However, both
probability theory and first-order logic allow for events/sentences that do not fit these criteria
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— a simple example of such a sentence is “all men are mortal”. In this paper, we propose a
mechanism to elicit probabilities on such sentences, by treating them as bets on the outcome
of a “verification-falsification game”. Our work thus acts as an alternative to the existing
Garrabrant induction framework for logical uncertainty, and is related to concepts such as
game semantics and Debate.

5.1 INTRODUCTION

Incentivizing (human or AI) agents to truthfully report their beliefs is a problem of central
importance in both machine learning and economics Savage (1971); Gneiting and Raftery
(2007). One standard approach to this is proper scoring rules: e.g. in logarithmic scoring
Good (1952), an agent is given reward log(p) for reporting probability p to a binary event
which turns out to be true. Another approach is a prediction market Hanson (2002; 2003);
Beygelzimer et al. (2012); Conitzer (2012): here, an asset contingent on the event is offered
to the agent, and the agent’s “fair price” (the price at which it neither buys nor sells), is its
subjective probability — for example, if you believe there is a 70% chance of Jeb Bush winning
the 2028 election, you will pay $0.70 for the asset “pays $1 if Jeb wins; $0 otherwise”.

All of these mechanisms depend on the ground truth of the sentence being eventually revealed.
At most, we can generalize them to verifiable sentences (sentences whose ground truth will be
revealed if they are true, e.g. “Bob will eventually die”, verified by Bob dying) or falsifiable
sentences (sentences whose ground truth will be revealed if they are false, e.g. “Bob will
never die”, falsified by Bob dying) — for the latter, we may pay the agent $1 upfront, to be
returned upon the sentence being falsified.

Although falsifiability occupies a central role in the imagination of philosophers Thornton
(2023), a much wider class of sentences are treated in science and in common practice,
and are allowed by first-order logic (FOL) and probability theory. In FOL, we may let
Ay = Yo = Iy denote sentences that will resolve in known time, X¥,41 denote sentences
of the form 3z P(z) where P(z) is Il,, and I1,,4+1 denote sentences of the form Vz P(z)
where P(z) is X,,. Thus verifiable sentences are X, and falsifiable sentences are Iy, but
all sentences further up the arithmetical hierarchy, X,,~1,I1,>1 are neither verifiable nor
falsifiable (non-VF). Examples of non-VF sentences:

o (IT) “all men are mortal” (V¥ man 3¢, dies(man, t))

o (X2) “The US will eventually permanently annex Greenland” (3t,Vs >
, greenland_in_us_at_time(s))

t
o (IT3) “Long-run GDP growth will be expontential with rate 2%” (Ve > 0,3¢,Vs >
t, | (GDP(£)/GDP(0))/! — 1.02| < ¢)

In all of these cases, there is no source of ground truth that lets us resolve the question with
certainty: verifying “all men are mortal” would need checking an infinite number of men
who will ever be born; falsifying it would require finding an immortal man, but proving him
to be immortal will take infinite time. Yet these are all very common sentences, which we
may find it useful to have a probability estimate on.

There are two common ways that market-creators attempt to work around this limitation in
practice”:
o asking about finite-horizon versions of non-VF sentences (e.g. “Greenland will be
annexed and remain part of the US until at least 2100”), or
o asking whether the sentence will be proven (either via formal proofs or appealing to

the authority of “credible sources”).

The pitfalls of the first method are explained in Section 5.2; the most refined example of the
second method is Garrabrant induction Garrabrant et al. (2020), described in Section 5.1.1.

this can be attested by a brief skim through the front pages of popular forecasting platforms
such as Polymarket and Manifold Markets
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We propose a new framework for eliciting probabilities on non-VF sentences: we allow agents
to bid for the opportunity of playing the verification-falsification game for that sentence,
and take the value of the bid to be their implied probability for that sentence. There are
limitations to our mechanism, such as when one side of the game is much easier to play than
the other, and we outline some ideas on how these may be overcome.

5.1.1 RELATED WORK

Logical uncertainty. Our work may equivalently be understood as a formalism for logical
uncertainty (see Halpern (2017) for a summary of work in the area), i.e. the problem of
assigning probabilities to mathematical sentences in some language £ (which could be a
language of FOL sentences). The most relevant work in this domain is Garrabrant induction
Garrabrant et al. (2020), which constructs a prediction market for each mathematical
serllgence that pays off when it is proven by a theorem-enumerator for some theory T over

L.

There are two limitations of this framework for our purposes. First: while mathematical
theories can easily prove non-VF sentences (e.g. Vz,3y > x, prime(y)) there is no analogous
theory in the real world that we are aware of (“observation” only proves VF sentences,
as discussed). Second: it is philosophically unsatisfying to have probabilities for logical
sentences be completely dependent on a mathematical theory, and change when the theory
is strengthened or weakened (e.g. by the addition of a Gddel sentence).

Logical uncertainty has also been discussed in the Bounded Rationality literature e.g. in
Halpern and Pass (2014; 2011); Oesterheld et al. (2023); however this has typically focused
on toy examples based on VF sentences, e.g. betting on the trillionth digit of m, etc.

Game semantics. The verification-falsification game we use is from Hintikka’s game
semantics Hintikka and Sandu (1997), which we will discuss in Section 5.3. Game semantics
has since been expanded into the field of computability logic Japaridze (2009; 2015), which
may be the most natural setting to formulate some of our more speculative ideas about
probability theory, described in Sec 5.5.

Debate. AI Debate Irving et al. (2018b) considers sentences P that can be expressed like
Jz1 Yae ...y, H(z1,...2,) (more generally any ¥, or I, form in H) where H is some
“human-computable function”, and argues that Als can be trained to answer such questions
correctly via debate judged by a human'?. This is quite similar to our setting, and debate is
analogous to the verification-falsification game, except that physical ground truth is replaced
by human-computability (or polynomial-computability as they hypothesize). We hope our
work can serve as a valuable intuition pump for debate.

AT Forecasting. There has recently been a surge of interest in Al forecasters Zou et al.
(2022Db); Schoenegger and Park (2023); Yan et al. (2023b); Halawi et al. (2024b); Schoenegger
et al. (2024) — in particular, recent works such as Sudhir et al. (2024) have investigated the
propositional consistency of Al forecasters, i.e. whether the probabilities they give satisfy basic
rules of probability theory like Pr [P] + Pr [-P] = 1. Similarly our work can be understood
as asking how we can incentivize or evaluate forecasters respecting the “continuity of
probability” rules Pr [|J P;] = limp 00 U;p, Pr [P;] and Pr [ P;] = limy, o0 (;,, Pr [P].

5.2 IMPOSSIBILITY THEOREM

One apparent solution may be to approximate FOL sentences with long finite horizons — i.e.
approximate 3z, Vy, P(z,y) with a bounded quantification 3z < G,Vy < G, P(x,y) for some
large G, which is a Ag sentence as it can be determined by enumerating G2 tuples. One might
also consider a sequence of such bounded quantification “approaching” the FOL sentence, e.g.

Bto avoid simply being a prediction market for the provability of a sentence, they use a special
accounting measure for agent wealths based on “propositionally consistent worlds” — e.g. fixing
the combined price of P and =P at $1 — which allows them to extend this framework to sentences
independent of T .

Bin particular, supervised learning can train an Al to learn to answer Ag questions, and rein-
forcement learning can train an Al to learn to answer ¥ questions
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X

Figure 1: Infinite checkerboard with the square (z,y) shaded iff x > y. Then 3z,Vy,z > y
says that there is an infinite black column, which is false, but “true on every finite window”.

consider the asset that on day ¢ is equal to (can be exchanged for) 3z < t,Vy < ¢, P(z,y). A
simple counter-example to this approach is: Jx,Vy,xz > y, illustrated in Fig 1: for any finite
G, the corresponding bounded quantification is true (take x = @), but the sentence is false.

Theorem 5.2 shows there is no general mechanism to give a proper scoring rule or an
equivalent asset for any non-VF sentence:

Definition 5.1 (Asset and scoring mechanisms). An asset mechanism is a computable
real-valued function v : IN X Prop — R such that lim;_,oc v(¢, P) = 1 if P and 0 if —=P. Let
5:[0,1] = R be a proper scoring rule e.g. s(p) = log(p). A scoring mechanism for proper
scoring rule s is a computable real-valued function ¢ : IN x Prop x[0,1] — R such that
lim; o0 o(t, P,p) = {s(p) if P else s(1 —p)}.

Theorem 5.2 (Impossibility theorem). If Prop is the set of FOL sentences, then there does
not exist either an asset mechanism nor a scoring mechanism.

Proof. The statements limy_o v(t, P) = 1 and limy_,o o (¢, P,p) = s(p) are both I3 for
any P, p; thus for them to be equivalent to P for all P would violate Tarski’s theorem. [

5.3 RANGED VF GAMES

In this paper, we propose a game-theoretic solution motivated by the following intuition.
If you believe that “all men are mortal”, then you should agree to the following bet: I can
choose the name of any man, and you must be able to give the year by which he will be dead.
If you succeed, you win the bet; if you don’t, I win. This is formally analogous to the classic
Verification-Falsification (VF) game from Hintikka and Sandu (1997), described in Def 5.3.

Definition 5.3 (Verification-Falsification game). To each FOL sentence P we associate
a sequential game between two players, the “Verifier” (V') and the “Falsifier” (F'). If P is
Ag, then V or F win $1 if P is true or false respectively. Else if P is ¥, then V goes first
and if P is I1,, then F' goes first. The first player chooses © € IN as their move, and the
game proceeds as the VF game for P[z] (i.e. the leading bound variable substituted with x).
Some variations:

o (ranged) Instead of picking z € IN as its move, each player picks a finite set
S € finset IN as its move and the game proceeds as P[S] , i.e. 3z € S, P[z] if Pis ¥,
or Vz € S, Plz] if P is I1,,. This eventually terminates when all the quantifications
have become bounded, i.e. the sentence is Ag.

o (favorable) One of the players is “favored”: they are allowed to go back to any earlier
stage of the game, change it moves, and continue from there, as many times as
it wants. This is the “game with backward moves” from Bonnay (2004); Boyer
and Sandu (2012), and has the property that if the favored player’s position is
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provable, they have an obvious computable winning strategy (a depth-first search
with backtracking).

The ranged VF game is original to us, and is what we use: you might believe that all men
are mortal but have a probability distribution on the year any one of them will die, rather
than knowing the exact date with certainty.

Observe that player policies have type m : Prop — finset IN. We may denote the Ay sentence
produced after playing the game through as P[ry,7p]. Although the game is traditionally
defined for logical sentences, it is easy tro see how this extends to probabilistic events:

Definition 5.4 (FOL algebra). Let Ag = X9 = Ilp = {Bi, B2, ...} consist of a set algebra
of base events which will be observed within finite time; X, 41 consist of all events of the
form |J; X; where X; is I, and I, ;1 consist of all events of the form (1); X; where X is
Y,. Then we will call AgUJZ, |JI1, an “FOL algebra” over Ag, and it is a subset of the
o-algebra generated by Ag.

We will continue to freely write |J; X; and (); X; in the logical notation 3i, X; and Vi, Xj.
We may easily speak of probabilities Pr [P] of sentences in the FOL algebra by defining a
probability distribution on the base set algebra. Then we have the following result??:
Theorem 5.5 (Value of ranged VF game). Assume a FOL algebra with a probability
distribution Pr defined on it, and let P be a sentence in this FOL algebra. Then Pr [P] is
bounded between the guaranteed value of the game for the verifier and 1 minus the guaranteed
value of the game for the falsifier:

supinf Pr [P[ny,np|] < Pr [P] < inf sup Pr [Plry, 7F]]

ny TF TF 7wy
(where the sup and inf are taken over Prop — finsetIN) We will denote each side of the
inequality as Pr~ [P] and Pr™ [P] respectively.

Proof. We prove this by induction on the degree of P. Suppose the theorem is true for P up
to Xp,IT,. Then take some event P := Vz, P(x) where each P(z) € X,:

Pr[P]=Pr () P(x)
zeIN
= inf P P
seitn | (1P

2 Anf Sup inf Pr [(NeesP()) [mv, mr]]

> inf inf Pr [(NgesP
2o nf P [(Cees P(2) v ]

(where we have successively applied continuity of probability, the inductive hypothesis and

the max-min inequality) Now note that (NycsP(x)) [ry,7r] = P[S][my,7r], which is

equivalent to P[my, 77| where 77, is identical to mp except on P, where 77-(P) = S. Thus:
Pr [P] > supinf Pr [Py, mp]]

™y 7TF

Which completes the first half of the inequality. The proof for the P € ¥, 41 case is identical,
and the other half of the inequality is immediate from applying the first half to - P.

O

20this can be seen as a generalization of the classic statement from game semantics that the
verifier or falsifier has a winning strategy if and only if the sentence is true or false respectively
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Several elicitation mechanisms are now immediate:

Bidding to play. Agents bid to play as either the verifier or falsifier of a ranged VF game
for P. The highest bidders for each side are chosen to play against each other, and their bids
are taken as estimates of the probability of P and —P. Note that the market-maker does
not have to take a loss: even though this may be a negative-sum game because of potential
computational costs, the total prices will still add up to at least $1 because otherwise one of
the players could just bid to take both sides and win a guaranteed total $1.

Double auctions. However, it is possible for agents to overestimate their winnings and
drive the total price above $1, and this also does not give a way for agents to bid down the
price of one position. We can solve this by selling multiple games via a double-auction with
an order book where buy offers for the Falsifier position at price g are interpreted as sell
orders for the Verifier position at price 1 — ¢ and matched to buy orders for the Verifier
position at price p > 1 —gq.

Subsidized markets. Alternatively, we may simply run one high-stakes Verification-
Falsification game, retaining bidding for selecting players, but base probabilities on a separate
betting market for the outcome of the game. It is possible here that the best players are not
selected (e.g. due to independently wealthy players outbidding them), but an advantage is
that these markets can be subsidized with arbitrary scoring rules®!; traditional methods to
integrate scoring rule based market makers such as Agrawal et al. (2011); Chakraborty et al.
(2015) do not work for us, as they require the market-maker to take the opposite side of
every trade, which for us will require having the market-maker actively play the game.

Training AT forecasters. We can get our probability estimates from an AT instead of
the market, by training an “estimating agent” « : Prop — finset IN x [0, 1] which outputs
both a move and an estimate of its reward. The agent may then earn a combined reward for
winning the game and for placing an accurate forecast. The most natural architecture for
such a forecaster would be a transformer which takes input in natural or formal language
and gives a sequence of integers as its output.

5.4 COMPUTATIONAL LIMITATIONS
There are two practical limitations of our work:

1. Each player’s move can be a finite set of arbitrary size, and the player is incentivized
to play larger and larger finite sets. In particular, the final Ag sentence will be
a disjunctive normal form over a very large number of Ag sentences, and getting
the ground truth evaluations for all of them may take a long time (or cost a lot in
computation).

2. We have not considered computational costs of playing the VF game; the sup and
inf in Theorem 5.5 are over all possible policies, even non-computable ones. In
particular, the computational difficulty of playing for each side might be asymmetric.

For the first, we may charge a transaction cost proportional to the cardinality of the chosen
move S to incentivize agents to be selective in choosing the members of S — alternatively we
may add a common discounting factor to the reward that would also disincentivize agents
from choosing moves that would take a long time for their opponent to respond to. In the
market mechanisms, we can also allow the agents to sell their place in the game to another
agent at any point in time, so they do not need to wait for ground truth to be revealed to
collect their reward.

The second is more serious: a classic example in game semantics Soloviev (2022) is the
sentence 3z, Vy,y < A(z) where A is the Ackermann function, and the class of policies is
limited to primitive recursive functions (i.e. all other functions are infinitely expensive to
play). Although this sentence is “obviously” false, V' can pick any S, and F will be unable
to win because the Ackermann function grows faster than all primitive recursive functions.
In our case, it is apparent that if we took the sup, , and infz, in Theorem 5.5 to be over

21gee Hanson (2002) for an introduction to market scoring rules
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primitive recursive functions only, the lower and upper bounds are both 1, though Pr [P]
should be 0 as P is false.

One solution may come from the “favourable” games mentioned in Def 5.3. In the example
above, the falsifier has a winning strategy in the F-favourable game by indefinitely trying
larger and larger integers as its move until it wins.

More generally, if we restrict the class of allowable policies to some C C (Prop — finset IN),
the V-favorable (respectively F-favourable) game still allows the sup (respectively inf) to
be taken over all of Prop — finset N, as that player can simply enumerate each possible
strategy. In general, we may play both the F-favorable and V-favorable games, and the
range between the values of these games contains the range in Theorem 5.5:

sup inf Pr [P[ry, mp]]
my€CTF

< supinf Pr [Plmy, 7p]]
Ty TF

<Pr[P] (2)

<infsup Pr [P[ry, 7p]]
TF Ty

< inf supPr [Plry,mp|]
mr€eC my

Other approaches might be inspired by the Debate literature, for example Brown-Cohen et al.
(2023) introduces a version of the Debate protocol called “Doubly-efficient debate”, where
the honest strategy wins “even when the debater is computationally unbounded”. Extending
this to VF games should be a topic of future research.

It remains unclear how much of a problem these computational limitations will be in practice.

5.5 DISCUSSION AND FUTURE WORK

We have presented the “ranged Verification-Falsification game” and demonstrated that
eliciting agents’ values for playing this game provides useful bounds on the probability of
an FOL sentence. Although usually applied to mathematical logic, FOL can also express
sentences about some empirical universe, even if the process that generates empirical truth
is probabilistic in nature. Our mechanism stands as an alternative framework to Garrabrant
et al. (2020) for logical uncertainty, as well as the first mechanism to elicit probabilities on
non-VF sentences from markets and Al models outside of a strict logical context. There are
three other potential implications of our work deserving of attention.

Formal logic. Our work may provide a new approach to measuring the strength of a
mathematical theory: in the V-favourable VF game, a formal proof from a mathematical
theory gives a computable winning strategy Bonnay (2004); Boyer and Sandu (2012); we my
then consider the maximum wealth that can be acquired by an agent that only trades and
plays in accordance with a theory, and regard this as a measure of the strength of the theory.

Eliciting latent knowledge. Though we have used “non-VF” to refer specifically to FOL
sentences, these are not the only sentences whose truth cannot be ascertained by ground
truth. Take e.g. the sentence “Bob did the crime”. This will not in itself be revealed by any
future empirical observation, but may “correlate” with (provide information on) other, more
directly valuable sentences like “if Bob is jailed, fewer burglaries will happen”, “evidence of
Bob’s wrongdoings will be found” and “if you hire Bob, you may find some office supplies
missing”. One may say that these useful sentences are all correlated, and therefore “Bob did
the crime” is a useful fiction constructed to capture the signal in the noisy data, a variable in
the latent space. The problem of eliciting information on such sentences has been discussed
in e.g. tailcalled (2023); Baillon (2017); Baillon and Xu (2021), and directly addresses the
problem of interpretability in Al safety Christiano et al. (2021). We hope our work may
serve as an entrypoint towards solving this much more ambitious goal.
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Alternative formulations of probability theory. It would be interesting to study what
the elicited probabilities in these mechanisms actually approach in the limit, more precisely
than the bounds in Equation 2, e.g. when training AI forecasters (where C would be the
class of functions approximable by a neural network) or with a double auction containing
every computable function in some class (e.g. those computable in polynomial-time) included
as a trader by eventual enumeration. This would induce some “distribution” over the FOL
algebra, which would not be a probability distribution in the traditional sense (would not
satisfy continuity of probability), as this would contradict Theorem 5.2. Instead we might
consider an alternate definition of a g-algebra F which is required to be closed only under
unions and intersections of computable sequences, i.e. replacing the countable union axiom
with “¢p : N —¢ F = |J;¥(i) € F” (where C is some class of computable functions)
and adopting a suitable generalized notion of probability measure on this algebra. Possibly
relevant work to this end includes: quantifier algebras CWoo (2013), Shafer & Vovk’s game-
theoretic formulation of probability theory Shafer and Vovk (2005; 2019) and Japaridze’s
“Computability Logic” Japaridze (2009; 2015).

6 CONSISTENCY OF LLLM FORECASTERS

ABSTRACT

Forecasting is a task that is difficult to evaluate: the ground truth can only be known in the
future. Recent work showing LLM forecasters rapidly approaching human-level performance
begs the question: how can we benchmark and evaluate these forecasters instantaneously?
Following the consistency check framework, we measure the performance of forecasters in
terms of the consistency of their predictions on different logically-related questions. We
propose a new, general consistency metric based on arbitrage: for example, if a forecasting Al
illogically predicts that both the Democratic and Republican parties have 60% probability of
winning the 2024 US presidential election, an arbitrageur can trade against the forecaster’s
predictions and make a profit. We build an automated evaluation system that generates a set
of base questions, instantiates consistency checks from these questions, elicits the predictions
of the forecaster, and measures the consistency of the predictions. We then build a standard,
proper-scoring-rule forecasting benchmark, and show that our (instantaneous) consistency
metrics correlate with LLM forecasters’ ground truth Brier scores (which are only known
in the future). We also release a consistency benchmark that resolves in 2028, providing a
long-term evaluation tool for forecasting.

6.1 INTRODUCTION

Prediction markets are markets that pay out contingent on an event. For a market such
as “$1 if Jeb Bush is elected President in 20287, the price reflects the “market estimate”
for the probability of that event. Prediction markets are a promising tool for aggregating
information from disparate sources to arrive at the most correct possible belief after taking
into account all relevant information (Arrow et al., 2008; Hanson, 2002).

Until 2024, LLM forecasters generally performed poorly relative to human forecasters (Zou
et al., 2022b; Schoenegger and Park, 2023). However, recent works (Halawi et al., 2024a;
Schoenegger et al., 2024; Phan et al., 2024) suggest that LLM-based forecasters can rival
human forecasts on forecasting websites such as Metaculus, Predictlt, and Manifold Markets.

A key question emerges: once LLM forecasters are better than human ones, how can we
efficiently evaluate their predictions? In particular, long-term forecasting questions are very
important for decision-making (Tetlock et al., 2024; Luke Muehlhauser, 2019), and finding
ground truth for evaluation in such contexts is infeasible by virtue of the questions resolving
far in the future.

One approach, proposed by Fluri et al. (2023), is that even when we cannot evaluate the
correctness of LLM decisions, we can evaluate their logical consistency. For example, if an
LLM forecaster gives probabilities 0.5 and 0.7 to “Will Trump be elected US president?” and
“Will someone other than Trump be elected US president?”, this is necessarily inconsistent.
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Fluri et al. (2023) demonstrated that GPT-4 and GPT-3.5-turbo, when asked one-sentence
forecasting questions, were inconsistent on simple logical checks such as negation.

{ Will $TSLA reach $400 in 2025? }

1

‘ Will $TSLA reach $500 in 2025?

’e

J

4 L 4

I

Figure 2: Examples of consistency check ques-
tions generated from the same question about
Tesla stock reaching $500 in 2025. The pipeline

‘ Will Kamala Harris win

Will Donald Trump win
the 2024 election?

the 2024 election?

reach $500 in 2025?

If Harris wins, will $TSLA
reach $500 in 2025?

If Trump wins, will $TSLA J

Brier score

Consistency violation

Figure 3: The consistency violation
scores on certain checks such as COND
give signal about true forecasting per-
formance over a range of forecasters, as
described in Section 6.4.

in Section 6.3 generates questions and evaluates
a forecaster’s consistency with respect to them.

Table 1: Consistency checks used in our paper and the corresponding logical consistency
conditions.

Name Condition (S)

NEGATION F(P)+F(-P) =1

RIPQ) =P = @ FIP)=FQ

RO, o F(P)<FQ

ANDOR F(P)+F(Q)=F(PVvQ)+F(PAQ)

AND max(F(P) +F(Q) — 1,0) < F(PAQ) < min(F(P),F(Q))
Or max(F(P),F(Q)) < F(PV Q) <min(1,F(P) +F(Q))
But F(PVQ)=F(P)+F(-PAQ)

CoND F(P)F(Q|P) =F(PAQ)

CoNDCOND F(P)F(Q|P)F(RIPAQ) =F(PANQAR)
EXPEVIDENCE F(P) =F(P|Q)F(Q) +F(P|-Q)(1-F(Q))

Qur contributions in this work are as follows:

1) Principled metrics for consistency. In Section 6.2, we introduce a theoretical
framework for measuring consistency violations of binary forecasts, based on two metrics: an
arbitrage metric, based on market arbitrage, and a frequentist metric, based on hypothesis
testing. We apply these metrics to 10 different logical consistency rules (see Table 1):
NEGATION, PARAPHRASE, CONSEQUENCE, ANDOR, AND, OR, BuT, ConD, CONDCOND
and EXPEVIDENCE.

2) A consistency evaluation pipeline for binary forecasters. In Section 6.3, we
introduce a consistency evaluation pipeline for LLM forecasters. We create two forecasting
datasets with known ground truth resolutions: one scraped from prediction markets, and one
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synthetically generated from news articles. Both datasets include only events that happen
past the training data cutoff of all forecasters we test, and resolve before September 2024.
We then generate tuples of forecasting questions satisfying logical consistency rules with
associated consistency metrics.

3) Consistency correlates with ground truth forecasting performance. Our con-
sistency metrics are novel performance metrics for forecasters that can be computed right
away, no matter the time horizon. Of course, forecasters could also be evaluated using
backtesting, asking past questions with known ground truth resolutions. Yet, backtesting
LLM forecasters can be challenging if we do not have clear information about the models’
training data contents. Moreover, there may be new types of questions that we want to
evaluate forecasters on, for which we do not have appropriate past results (e.g., questions
related to pandemics before 2020). It is thus natural to ask: can consistency metrics tell us
anything about future forecasting performance?

In Section 6.4, we show that for all forecasters we test, our consistency metrics correlate
positively with forecasting performance (as measured by the Brier score) on both our
benchmark datasets. The correlation varies across consistency checks, with some logical
checks (e.g., consistency of conditional probabilities) having over R = 0.9 correlation with
forecasting performance, while other logical tests provide little signal. We hypothesise
that this analysis can extend to smarter forecasters and longer time horizons, to provide
instantaneous feedback on forecaster performance.

4) Scaling inference-time compute can improve consistency for some logical
checks, but fails to generalize. Since we find that consistency correlates with forecasting
performance, it is natural to ask whether we can improve forecasters by making them more
consistent. Unfortunately, we find that natural ways of improving consistency tend to overfit
to specific consistency checks and do not generalize.

Specifically, we design ArbitrageForecaster: a forecaster that “patches” some base fore-
caster’s output by generating logically related questions and “arbitraging” the base forecaster’s
forecasts for these related questions against each other. In Section 6.5 and Section 6.8.4, we
show that ArbitrageForecaster improves consistency on checks that we optimize against,
but this improvement does not generalize to other held-out consistency checks, nor does it
improve the actual forecasting performance.

5) A long-horizon forecasting consistency benchmark. We create a long-horizon
benchmark of 3,000 consistency checks for forecasts resolving in 2028. Our benchmark
spans questions on various topics for which we will have no ground truth for more than three
years, and thus serves as a nice testing ground for advanced LLM forecasters.

We release the full code 22 and the datasets 2> used in the paper.

6.2 A THEORETICAL FRAMEWORK FOR FORECASTING CONSISTENCY

Notation. Let Prop denote the set of forecasting questions we are interested in, ® denote
the set of possible outcomes/resolutions for an individual questions. In this paper, we focus
on Prop as a set of binary forecasting questions, so @ = {T,L}. A Forecaster is then a
map [F : Prop — [0, 1]. One special forecaster is the ground truth resolutions 6 : Prop — ©,
returning 1 and 0 probability for {T, L}, respectively.

For conditional questions that can resolve to None, we also have optional resolutions @ :=
® U {None} = {T, L, None}. We focus on binary questions following Halawi et al. (2024a).
Our methods can in principle be extended to study consistency between general probability
distributions in forecasting, such as the ones discussed in Gooen (2024).

22https ://github.com/dpaleka/consistency-forecasting
Bhttps: //huggingface.co/datasets/dpaleka/ccflmf
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6.2.1 CONSISTENCY CHECKS AND INCONSISTENCY METRICS

In line with Fluri et al. (2023), a consistency check is conceptualized as a pair of n-ary
relations: R : Prop™ — {T, L} in question space, S : [0,1]™ — {T, L} in forecast space, and a
predicate for IF such that R(z1,...2,) = S(F(z1),...F(z,)). In particular, this assertion
must be satisfied by all feasible 6, and also any “correct” forecasts generated by a world
model that accurately accounts for aleatoric uncertainty. Violation of consistency is measured
by some violation metric V : [0, 1]™ — R which must satisfy V(F(z1),...F(z,)) =0 <~
S(F(z1),...F(zy)). For example, intuitively, the “negation” check NEGATION is given
by the relation R(z1,x2) := 21 = —x2 on questions, and the relation S(IF(x1),F(x2)) :=
F(x1) + F(z2) ~ 1 on forecasts. The full table of the consistency checks we use is given in
Appendix 6.8.1.

Improving upon Fluri et al. (2023), we derive V from R in a principled way, handling all
types of logical consistency checks simultaneously. We introduce two new inconsistency
metrics: the arbitrage metric and the frequentist metric for measuring logical inconsistency
in probabilistic forecasts.

Arbitrage metric

The arbitrage metric is conceptualized as the minimum profit that an arbitrageur can be
guaranteed making bets against the forecaster’s predictions. More precisely: suppose that the
forecaster’s probabilities IF(x1),...JF(z,) were prices offered by a logarithmic market maker
24 with market subsidy parameter $1. If these probabilities are inconsistent, then there are
prices p1,...p, that an arbitrageur could bring to the market such that it is guaranteed to
make a profit against the market-maker, no matter the outcome of each question. We define
V(F(z1),...F(xy)) as the maximum achievable “minimum profit” that the arbitrageur can
guarantee by choosing appropriate p1,...p,. We further denote by A(IF(z1),...F(z,)) the
set of prices p1,...p, that maximize the minimum profit:

n

(arg max, max) min > (log pi —logF(x:)) 8,55y + (log (1 — p;) —log (1 = F(x:))) 051
pel0,1]” wei
(3)

Here Q) := {w € @™ | R(w)} is the set of all possible consistent resolutions of this tuple.
A more general version of 3 is given in Appendix 6.8.2, along with specific worked-out
examples of the arbitrage metric for each consistency check, and details on how we compute
it; as an example, the arbitrage metric for the Negation Check can be derived exactly
(Appendix 6.8.2):

V(E(z), F(-a)) = ~2log (wF(x)(l —F(-w)) +4/01 1F<:c>>1F<m>)

To illustrate: 1(0.5,0.6) ~ 0.01, V(0.5,0.51) ~ 10~%. The metric is more sensitive to
violations for probabilities very close to 0 or 1, due to the logarithmic market maker. In our
evals, for all types of checks, we say that a sampled check does not pass if V > 0.01. We
have to pick some hyperparameter as an inconsistency threshold; we set it to correspond to
giving 110% probability in total to the events of Republican and Democratic parties winning
the US presidential election.

Frequentist metric

We also compute a different, frequentist consistency metric. Consider a Monte Carlo forecaster
that samples a world model n times, and for any event, returns the fraction of samples in
which the event occurs. The frequentist metric is the number of standard deviations a given
tuple forecast is off from the mean Monte Carlo forecast, scaled to be independent of n. We
say that a consistency violation happened if the number of standard deviations away from

247 logarithmic market maker with subsidy w is a market maker who adjusts prices in response
to trades such that the trader’s reward for moving the probability of a true-resolving sentence from
po to p’ is wlogp’ —wlogpy. For further background on scoring rules and the associated market
makers, see Appendix 6.8.2, Berg and Proebsting (2009), or Hanson (2002).
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the mean of the null is at least as in the (0.5,0.6) case described in Section 6.2.1. The full
description is given in Section 6.8.3.

Intuition on consistency metrics

Our metrics address two major obstacle with measuring inconsistency: tolerance to noise
and principled aggregation of inconsistency scores.

Tolerance to noise. In the standard Bayesian setting, beliefs are either consistent or not:
there either is a Dutch book (a way to bet against the forecaster’s beliefs to get infinite
profit) or the probabilities are perfectly consistent. In practice, an forecaster’s beliefs (even
on the same question) are never perfectly consistent across runs. If an election model has a
presidential candidate at 48% with one random seed and 50% on the other, this is not a
reason to discard it as completely flawed. Hence, instead of a binary measure of consistency,
our metrics increase smoothly with inconsistency.

Principled aggregation and comparison of inconsistency scores. Fluri et al. (2023)
developed a set of inconsistency checks, used an ad-hoc metric for each check they used, and
normalized the scores to [0, 1]. There are two major issues with their approach:

1. The metrics in their work are mostly linear and would treat the inconsistencies
of (0.5,0.6) and (0.89,0.01) on the NEGATION check the same, which is counter-
intuitive in many applications.

2. It is unclear how to compare and aggregate scores from different consistency checks.

Our approach ensures that all consistency scores share a common “unit”. For example, in the
arbitrage metric, to aggregate inconsistencies, we sum up the profit made by an arbitrageur
across questions.

6.3 PIPELINE OVERVIEW

We illustrate the steps in our data collection pipeline below, and provide more details on
each individual steps:

synthetic tuple

P (P.Q) & (n,a) & V(p,q)

‘ Online platforms, news, topics
+scraping instantiation

o (-++ —> P) We first prepare datasets of base questions in multiple ways:

(a) Scraping questions from online platforms such as Manifold and Metaculus;
(b) A ground-truth resolved dataset synthetically generated from news articles;
(c) Synthetic generation on questions on a list of topics such as Politics, Science,
Economics, etc.

For the first two of the above, we also include the ground truth resolution for each
question.

o (P — (P,Q)) The base questions are synthetically instantiated into tuples that
must satisfy certain consistency checks. For example, every single base question P

is instantiated into a tuple (P, —P); and pairs of mutually relevant base questions
P, Q are instantiated into tuples like (P,Q,PAQ,PV Q).

e (P,Q) LR (p,q)) The forecaster is separately queried to elicit forecasts on each
question, resulting in forecast tuples that should, if the forecaster is consistent,
satisfy consistency properties. For example, for a size-two tuple where Q = —P, it
should satisfy p+ ¢ = 1.

e ((p,q) Y, V(p, q)) We score each tuple of forecasts for consistency with both of our
violation metrics.

6.4 RESULTS

We evaluate a range of forecasters on the datasets described above, for both consistency and
ground truth Brier score. We note that the Brier score as the standard metric of forecasting
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accuracy depends both on model capabilities and the training data cutoff: it should not be
surprising for a stronger model to have a worse Brier score if its training data cutoff is earlier
than for a weaker model.

For all data analysis in this section, we exclude forecasters that have Brier score worse than
random guessing (0.25), such as the basic setup with 11ama-3.1-8B, as it would unfairly
advantage our case of “correlating consistency with accuracy”.

Average consistency scores correlate strongly with forecasting performance. We
can aggregate the consistency scores across all checks for each forecaster by aggregating
either the arbitrage or the frequentist violations.

We plot the average Brier score against the three aggregate consistency scores in Figure 4.

aggregated.frequentist.avg_violation vs avg_brier_score (scraped) aggregated.arbitrage.avg_violation vs avg_brier score (newsapi)
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(a) Aggregate frequentist metric on the scraped  (b) Aggregate arbitrage metric on the NewsAPI
forecasting question dataset. questions dataset.

Figure 4: Scatter plots showing the relationship between consistency metrics and average
Brier scores for different forecasters. Each point represents a forecaster, with the x-axis
showing the average Brier score and the y-axis showing the consistency metric . The y-axis
values are aggregated across all checks for each forecaster and averaged over the instantiated
consistency check tuples. Lower scores are better for both axes.
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(a) COND arbitrage metric on the scraped fore- (b) CONDCOND frequentist metric on the News-
casting question dataset. API questions dataset.

Figure 5: Both CoND and CONDCOND consistency metrics see Table 1 show a strong
correlation with forecasting accuracy as measured by the Brier score.

Bayesian consistency checks are the best proxies for forecasting performance.
Figure 5a shows the strong correlation between certain consistency checks from Table 1 and
average Brier scores across different forecasters. This relationship suggests that COND, which
tracks logical consistency in conditional probability estimates, serves as a proxy for overall
forecasting accuracy, without knowing how the questions resolved.
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Certain consistency metrics are not well correlated with forecasting performance.
The measured correlations between the consistency checks and Brier scores are given in
Table 2. We see that some checks yield higher signal on the ground truth performance than
others. Aggregating different consistency metrics seems to improve the correlation.

We note that the selection of forecasters we test is quite limited, so we cannot guarantee
the trends here are representative of future LLM forecasters. Part of the correlation can
be attributed to better models being both more consistent and better forecasters. For
comparison, the correlations of the Brier score of our forecasters and the MMLU Hendrycks
et al. (2020) (college split) error rate on the best approximation of the tested forecasters are
0.38 and 0.55 on the NewsAPI and scraped datasets, respectively.

We include all data (questions, tuples, forecasts, and scores) in the supplementary material.

Table 2: Correlation of consistency metrics with Brier score, across both of our base question
datasets and the derived consistency check tuples.

Scraped NewsAPI

Arbitrage Frequentist Arbitrage Frequentist
NEGATION 0.60 0.67 -0.36 -0.13
PARAPHRASE 0.57 0.61 0.13 0.24
CONSEQUENCE 0.51 0.52 0.21 0.30
ANDOR 0.20 0.25 0.02 0.06
AND 0.68 0.72 0.54 0.71
Or 0.14 0.24 -0.24 -0.31
But 0.20 0.67 0.63 0.77
CoND 0.92 0.87 0.71 0.69
CoNDCOND 0.78 0.71 0.75 0.69
EXPEVIDENCE 0.20 0.77 -0.11 0.06
Aggregated 0.62 0.85 0.49 0.66

Even good reasoning models are inconsistent. We give the full set of consistency
metrics for OpenAl’s o1-mini in Table 3. The Frac column counts the fraction of tuples for
which the violation exceeded a certain threshold; see the full exposition of what the thresholds
mean in Sections 6.8.2 and 6.8.3. The frequentist metric is not directly comparable to the
arbitrage metric, but the respective violation counts (“Frac” in the table) are.

Table 3: Consistency metrics for ol-mini.

Scraped NewsAPI
Arbitrage  Frequentist  Arbitrage  Frequentist
Check Avg Frac Avg Frac Avg Frac Avg Frac
NEGATION 0.07 58% 0.26 61% 0.08 52% 0.27 56%

PARAPHRASE 0.07 56% 0.26 61% 0.06 53% 0.24 56%
CONSEQUENCE 0.03 27% 0.13 29% 0.03 18% 0.10 19%

ANDOR 0.09 65% 0.34 71% 0.07 57% 0.29 67%
AND 0.02 24% 0.11 27% 0.03 23% 0.11 24%
Or 0.11 48% 0.30 50% 0.056 48% 0.21 50%
Bur 0.11 60% 040 79% 0.11 63% 0.38 80%
ConND 0.04 41% 0.22 52% 0.07 66% 0.29 70%

CoNDCOND 0.03 30% 0.19 45% 0.04 54% 0.23 71%
EXPEVIDENCE 0.04 47% 027 69% 0.05 45% 0.28 63%

Aggregated 0.06 - 025 — 0.06 - 024 -

OpenAl’s o1-mini forecaster, despite being one of the best reasoning models so far, violates
consistency checks more than the (0.5,0.6) threshold from Section 6.2 very often.
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6.5 ARBITRAGEFORECASTER: CAN WE DESIGN A MORE CONSISTENT FORECASTER?

Let (x1,...2,) be a question tuple for some consistency check R, e.g. (P,—P). Given
forecasts F(x1), ...IF(xy,), the arbitrage metric maximization problem in Equation 3 computes
the following (as the argmax and max of the arbitrage respectively):

1. Improved forecasts F'(z1),...JF’(xy,) which are consistent, i.e. satisfy S; and

2. The profit earned by an arbitrageur who bets these improved forecasts against the
original ones — this is the actual metric.

This leads us to wonder: can we use these “improved consistent forecasts” to build a new
forecaster which builds on the base forecaster IF, but is more consistent on R?

We introduce: the ArbitrageForecaster with base F arbitraged on consistency check R,
denoted by (FF)gr, which computes its forecast on a question x as follows:

1. Instantiates a tuple (x1,...z,) satisfying R;
2. Queries FF to obtain F(z1),...F(zy,);
3. Arbitrages these base forecasts per Eq 3 and returns the arbitraged forecast for zj.

2

Despite what one might assume, however, an ArbitrageForecaster is not “definitionally
consistent on the check it is arbitraged on, but rather its consistency must be investi-
gated empirically. Suppose, for example, that a forecaster produces forecasts IF(P) = 0.5,
F(para(P)) = 0.6, F(para(para(P))) = 0.7. Then F := (IF)parapurase Would produce
forecasts IF'(P) = 0.55, IF' (para(P)) = 0.65, which are not consistent.

Appendix 6.8.4 contains a precise definition of ArbitrageForecaster, including the case of
sequentially arbitraging on multiple checks (]F)[RLWRS}, and a theoretical discussion of its
consistency properties. In particular, we list strong theoretical reasons to expect consistency
gains from recursive ArbitrageForecaster setups, i.e. (F)}, := <<]F)TR71>R, in particular
with NEGATION, as well as in a non-recursive ArbitrageForecaster with EXPEVIDENCE.

Due to these priorities and the high costs of running recursive ArbitrageForecasters (see Ap-
pendix 6.8.4), we limited ourselves to studying only a small number of ArbitrageForecaster
setups, with a limited number of checks rather than the whole list; specifically: (g)y, (9)p,
<g>’["N’P], <g>[E]*S where g :=gpt-4o-mini, N, P, E are NEGATION, PARAPHRASE, EXPEVI-

DENCE respectively, and r and s vary from 0 to 4.

The full results of our experiments with these forecasters are reported in Appendix 6.8.4;
our key takeaways from these preliminary runs look hopeful:

e In the case of the checks we tested, arbitraging on a check indeed makes a
forecaster more consistent on that check, with increasing consistency gains
with recursive depth, as shown in Fig 6. Crucially, this also applied when the
arbitraging was on more than a single check: (g)TN’ Pl did well on both NEGATION

and PARAPHRASE; arbitraging on the next check did not increase inconsistency on
the first. We are cautiously optimistic that this may extend to the full list of checks
in Table 1.

e This consistency gain was greatest with Negation, followed by Paraphrase,
and lowest with ExpEvidence. This finding is in line with our hypothesis
in Appendix 6.8.4 that ArbitrageForecaster would be particularly effective on
consistency checks which are symmetric. and instantiate deterministically.

e We do not observe reliable improvements on ground truth forecasting
performance, or on consistency checks other than the ones we arbitrage
on. Le. (IF)g, does not reliably do better on Ra.

6.6 RELATED WORK

Metamorphic and consistency checks. Checking logical properties of outputs of programs
under semantic-preserving transforms has a long history (Chen et al., 1998). Before Fluri
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Figure 6: NEGATION and PARAPHRASE violations for various ArbitrageForecaster setups.
In all captions, g denotes gpt-4o-mini, N, P denote NEGATION and PARAPHRASE respec-
tively, and the definition of the ArbitrageForecaster setup is as in Def 6.4.

et al. (2023), variants of the consistency check framework were used for simple ML models
(Christakis et al., 2022; Sharma and Wehrheim, 2020), vision (Hendrycks and Dietterich,
2019), and chat LLMs (Jang and Lukasiewicz, 2023), among other areas. Li et al. (2019)
consider logical consistency checks beyond paraphrasing and negation for simple ML models.

Forecasting and large language models. LLMs and forecasting date back to Zou
et al. (2022a) and Yan et al. (2023a). Recently, strong performance of LLM forecasters on
prediction market datasets has been claimed in (Halawi et al., 2024a; Tetlock et al., 2024;
Hsieh et al., 2024; Phan et al., 2024). Concurrent with our work, Karger et al. (2024) have
introduced an automatically updating benchmark for forecasting.

Scalable oversight and failures of superhuman AI. The difficulty of evaluating models
with superhuman performance in domains without a source of ground truth has long been
acknowledged, and falls under the umbrella of scalable oversight (Amodei et al., 2016).
Forecasting using Al oracles is one such domain. The use of consistency checks for scalable
oversight has been studied in the simpler context of superhuman game Als (Lan et al., 2022;
Fluri et al., 2023), and in general question-answering tasks via debate (Irving et al., 2018a).

Consistency evaluations for LLMs. Even on tasks where the ground truth is in principle
knowable, consistency evaluations have long helped in cases where checking consistency is
easier than getting the ground truth labels (Elazar et al., 2021; Li et al., 2023). Raj et al.
(2023) measure paraphrasing consistency and ground truth accuracy on Truthful QA (Lin
et al., 2021) and find little to no correlation. Some forms of consistency checks have been
applied on model internals to discover features related to LLM truthfulness and reliability
(Burns et al., 2022; Kaarel et al., 2023).
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6.7 FUTURE WORK

We have developed a comprehensive benchmark of static consistency checks for LLM fore-
casters, and demonstrated its correlation with ground truth accuracy, suggesting that our
consistency metrics could serve as a proxy for accuracy when we do not have access to ground
truth. We envision several directions in which our framework could be extended:

Consistency in decision-making. Al systems may be used not only to make forecasts
that inform decisions, but also to take decisions directly. Here too, we can have a notion of
inconsistency: for example, intransitive preferences 2° — and analogously, an inconsistent
decision-maker may be exploited by an arbitrageur.

Training for consistency. Modulo consideration of the cost-benefit to safety, our methods
could be used train LLMs for consistency, minimizing our violation metrics. This may or
may not impact overall forecasting performance and other Al capabilities. One may also
imagine an AlphaZero-style set-up, where an LLM [ is trained on the outputs of (IF)", i.e. a
recursive ArbitrageForecaster wrapped around it.

Further experiments with ArbitrageForecaster. Most of our experiments with
ArbitrageForecaster involved arbitraging on only a single check (apart from one ex-
periment with both NEGATION and PARAPHRASE), due to the cost limitations described in
6.8.4. It is easy to imagine how a bad forecaster could still overfit a single check: simply
forecasting 50% probability for all questions will pass PARAPHRASE, EXPEVIDENCE and
NEGATION — but we expect that being consistent under a variety of checks is difficult without
a consistent world model. One approach to using more checks cheaply, particularly in
training, may be to randomly sample a number of consistency checks for each question.

Dynamic generation of consistency checks. Although we found strong correlations
between ground truth accuracy and consistency among existing LLM forecasters, our results
with ArbitrageForecaster demonstrate that this isn’t necessarily the case: it is possible
to do well on consistency without improving ground truth. In particular, this means that
consistency as a training metric could be “Goodharted” by a learning Al model (Karwowski
et al., 2023). One way to prevent this may be via adversarial training: i.e. have an adversarial
agent instantiate consistency checks that it believes the agent will perform poorly on.

Evaluating RAG-augmented forecasters. We have conducted some preliminary exper-
iments evaluating state-of-the-art forecasters such as Halawi et al. (2024a). Unfortunately,
we could not reproduce the system from Halawi et al. (2024a) at the time of writing, due
to deprecations in the Google News API (we could not obtain access to the alternative
Newscatcher API). At the time of writing, we are not aware of other publicly-available LLM
forecasting systems that are competitive with the results of Halawi et al. (2024a) (there
exist proprietary systems that may be competitive, such as FutureSearch (2024)). We thus
leave the evaluation of better forecasters like Halawi et al. (2024a) and Phan et al. (2024)
to future work, once such forecasters are more widely available.

CONTRIBUTIONS

DP and APS developed consistency checks and the arbitrage and frequentist metrics. DP,
AA, APS, and EW worked on the LLM question to evaluation pipeline. APS thought of
and implemented ArbitrageForecaster. VB created the news-derived question dataset.
AS and DP created the scraped question dataset. AA and DP created the 2028 synthetic
question dataset. DP started and led the project. FT proposed correlating consistency with
forecasting accuracy and advised the project. All authors helped with the writing. DP and
APS wrote the first draft of the paper.

25See e.g. Fishburn (1970) and the Von Neumann—Morgenstern utility theorem for an introduction
to decision rationality.
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6.8 APPENDIX
6.8.1 TABLE OF CONSISTENCY CHECKS

Table 4 (extended version of Table 1) includes all the consistency checks tested for in our
benchmark. In most of them, we leave the logical relations between forecasting questions
R implicit by constructing the sentences directly. For instance, R(z1,z2) := x1 = —x9
is implied by simply writing x1,z2 as P,—P. In the rest of the appendix, we use the
sentence-based (P, Q instead of 1, x2) notation.

Table 4: Consistency checks and the logical consistency conditions.

Name Tuple Condition (S)

NEGATION (P,—-P) F(P)+F(-P)=1

RE o g (PO F(P) = F(Q)

R OSE o (P@ F(P) < F(Q)

ANDOR (P,Q,PANQ,PVQ) ]FgP) +F(Q) = F(PvQ)+F(PA
Q

AND (P,Q,PAQ) max(F(P) +F(Q) — 1,0) < F(P A

Q) < min(F(P),F(Q))

Or (P,Q,PVQ) max (IF(P), F(Q )) < F(PVQ)
min(1, F(P) + F(Q)

But (P,-PANQ,PVQ) F(PVvQ)=F(P)+F(-PAQ)

Conp (P,QIP,PNQ) F(P)E(Q|P) = (P Q)

ConNDCOND (P,Q|P,R|(PNQ), F(P)F(Q|P)F(RIPAQ) = E(PA

PAQAR) QAR)

EXPEVIDENCE (P,Q, P|Q, P|-Q) F(P) = F(P|Q)F(Q)

F(Pl-Q)(1-F(Q))

The consistency checks in Table 4 represent core logical relationships between probabilities,
but many other forms of consistency checks are possible. Here are two examples that could
extend our framework:

o Comparative checks: Building on generator-validator checks from Li et al. (2023),
we could ask a forecaster to predict both F(P), F(Q), and separately whether
P or @ is more likely. The forecaster’s probability estimates should match their
comparative judgment.

o Monotonicity checks: Fluri et al. (2023) propose a variant of CONSEQUENCE for
real-valued quantities, where predictions must respect the monotonic ordering of a
sequence of future values. This connects to scope insensitivity (Kahneman et al.,
2000), a cognitive bias where humans fail to scale probability estimates appropriately
with the magnitude of outcomes.

We do not include a specific consistency check for Bayesian updates, as conditional probabil-
ities are already covered by CoND, CONDCOND, and EXPEVIDENCE.
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6.8.2 ARBITRAGE AS A VIOLATION METRIC

For the following definition we use a slightly more general notation than in the main body,
to convey that our methods could be generalized beyond binary forecasting questions.
Notation. Let Prop denote the set of forecasting questions we are interested in, @ denote
the set of possible outcomes/resolutions for an individual question, and Forecast denote
the set of probability distributions on ®@. A Forecaster is a map F : Prop — Forecast. For
conditional questions that can resolve to None, we also have optional resolutions @' :=
®U {None} = {T, L, None}.

The arbitrage metric may be seen as being motivated by Dutch Book Arguments for
probabilistic consistency rules (see e.g. Vineberg (2022)). Imagine the forecaster’s predictions
F(z1),...JF(zy) were prices offered by a bookie on prediction markets for sentences 1, . .. .
If these probabilities are inconsistent, then there are bets that an arbitrageur can make that
guarantee a profit in all possible (consistent) worlds regardless of the individual outcomes.
For example, if x1,z5 are two sentences such that z; <= 1z, but the bookie prices
F(x1) < IF(z2), then an arbitrageur can simply buy 7 and sell xo to make a risk-free profit.

However, if the bookie never changes their prices in response to trades, the arbitrageur
can make an infinite amount of profit with its strategy. This is neither realistic nor useful
for creating a metric to measure inconsistency. Instead, we turn to market scoring rules,
introduced in Hanson (2002)), where the bookie is a market-maker who updates market
prices in a way that ensures that the reward for moving the market price of a sentence that
resolves True from pg to p’ is given by a proper scoring rule ¢ s(p') — s(po). We then define
our inconsistency metric to be the minimum profit an arbitrageur can guarantee against
such a market-maker, if the latter offers inconsistent probabilities F(z1),...F(zy).

Definition 6.1 (Arbitrage-based Violation Metric). Let R : Prop” — {T,L} be an n-
ary relation such that R(6(x1),...0(z,)) is satisfied by the ground-truth resolutions 6 :
Prop — © for all tuples (z1,...2,). 27 Let s : Propx® x [0,1] — R be a proper
scoring rule that gives the score earned based on the probability assigned to the true
resolution, e.g. s(x,0,p(0)) = logp(#). Let (x1,...x,) € Prop™ be a question tuple, and
denote Q) := {w € @™ | R(w)} the set of possible consistent resolutions (including None
resolutions) of this tuple. Then for forecasts (F(x1),...IF(z,)) the arbitraged forecasts
A(F(z1),...F(xzp)) = (p1...pn) and the minimum guaranteed profit of the arbitrageur
V(F(z1),...FF(xy)) are given by:

n

(arg max, max) min Z s (@i, wiy pi(wi)) — s (zi,wi, F(z;) (wi)) (4)
pEForecast™ we i—1

Where by convention, any score on a resolution w; = None is taken to be 0.

Definition 6.1 is presented in full generality: p and F(xz;) here are probability distributions
on ©. Breaking it down: each s (z;,w;, pi(w;)) — s (w4, wi, F(z;)(w;)) gives the arbitrageur’s
profit on the market for question x;, given that it resolves w;. The profit is summed across
all markets in the tuple, and then minimized over all consistent worlds; this minimum is
maximized across all possible arbitrageur bets.

It is helpful to explicitly state Eq 4 in the case of binary forecasting questions, as follows.

(arg max, max) min » (s (pi) — s (B(21))) 0(i)=7 + (s (L = i) =5 (1 = F(2:))) dui)=1
pelo,1]" weli
(5)

267 proper scoring rule (Savage, 1971), is one that incentivizes honest reporting of probabilities:

widely used proper scoring rules include the Brier score (1 — p)2 and the logarithmic scoring rule
— log p.

2TThis is well-defined because resolutions can be taken as a subset @ C Prop, by treating them as
forecasting questions that always resolve to themselves by definition. For example, the forecasting
question T is always worth $1 and the forecasting question L is always worth $0.
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Figure 7: Profit earned by the arbitrageur in case of inconsistency over ParaphraseChecker,
taking s(p) = log(p) and F(P),F(Q) = 0.7,0.4 in (6).

We will illustrate our violation metric with three specific examples, for PARAPHRASE,
NEGATION and COND. For other consistency checks, the math becomes too convoluted and
we use a numerical method in our project code.

ParaphraseChecker

Let P and @ be equivalent sentences, and suppose that the forecaster produces forecasts IF(P)
and F(Q). A trader who instead brings prices to F'(P) = F'(Q) = p for both questions
earns a combined profit on both questions:

{8 (p) — s (F(P)) + s (p) — s (F(Q)) it P ©
s(1-p)—s(1-F(P))+s(1-p)—s(1-F(Q)) if-P

For this first example, we can graph this profit as a function of p for illustration, shown
in Fig. 7 — demonstrating that any p € (0.529,0.576) is profitable for the arbitrageur, and
further that the arbitrageur can guarantee a minimum profit of 0.095 regardless of the
outcome of P by choosing the consistent probability p = 0.555.

We may compute this intersection analytically:

s(p) —s(F(P)) +s(p) —s(F(Q)) =s(1—p) —s(1=F(P)) +s(1—p) —s (1 -F(Q))

(
)

p F(P)F(Q
2l T, TR T E () (1 - F(Q))
. FP)F(Q)
VE(P)F(Q) + /(1 —-F(P))(1-F(Q))

Substituting this back into either expression in (6) we get the expression for the arbitrage:

V(E(P).E(Q)) = ~2log <\/JP(P)1P(Q) +/a-FPr)a —F(@))) (7)

As a bonus, this can straightforwardly be extended to the multi-question paraphrasing check:
(P < -+ <& P,) = (F(P)=---=TF(P,)). Here the corresponding possible
profits are:
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ns (p) — > s (F(F)) if P (8)
ns(l—p)—> s(1—F(F)) if-P
Equating them and solving for p, we get
p 1 IF(Pl)
] — 2N oe —ME)
Ogl—p nzZ:Ogl—]F(P) (9)
1/n
_ A _ F(P)

Observe that the arbitraged probability is simply the arithmetic mean in log-odds space!
One may wonder if the violaton is some kind of variance measure in log-odds space, but this
does not seem to be the case:

VE(P,), ... F(Py)) ——nlog{(H]F )”” (H(l—lF(Pi)))l/n} (1)

NegChecker

Suppose the forecaster produces forecasts IF(P) and F(—=P). A trader who instead brings
prices to IF'(P) = p, F'(=P) = 1 — p earns a combined profit on both questions:

{S(p)—S(lF( )) +s(p) — s (1 —F(=P)) if P 2)
s(1-p)—s(1—F(P))+s(1—p)—s(F(=P)) if-P

Equating them and solving as before,

p ., E(P)(1-F(=P))
2T T B R FP)
_ VF(P)(1—TF(-P))
" VP F(P) + /I FE)E(-P)

Substituting into (12), we get:

V(E(P),F(~P)) = —2log (\/11: )(1-F(~P)) +/(1-F P))]F(ﬁp)) (13)

The similarity of these results to PARAPHRASE is suggestive: both the arbitraged probability
and the violation for NEGATION can be derived from PARAPHRASE simply replacing IF(Q)
with 1 — IF(=P), seeing the latter as the “probability implied for P by —P”. This raises
the natural question: Can all consistency checks be reduced to the case of PARAPHRASE
arbitraging IF(P) against an “implied probability” for P?

However, as we will see, COND shows that this approach does not always hold. Its violation
expression depends on more than just F(P) and F(P A Q)/F(Q | P), so there is no single,
neat interpretation akin to “arithmetic mean in the log-odds space.”

CondChecker

Suppose the forecaster produces forecasts ]F(P), F(Q | P), F(P AQ). The possible outcomes
Qare (P,Q | P,PANQ)— (T,T,T), (T,L,1), (L,None, L). Consider an arbitrageur who
makes bets F/(P) = p, F/(Q | P) = q, F'(P A Q) = pq.
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In each outcome:

s(p) —s (F(P)) +s(q) —s (F(Q | P)) + 5 (pg) —s (F(PAQ)) ifP,Q
s(p)—s(F(P))+s(1—¢q)—s(1-F(Q[P))+s(1-pg) —s(1-F(PAQ)) ifP,~Q
s(1—=p)=s(1-F(P))+s(1-pg) —s(1-F(PAQ)) ifﬂP( :

14

1— 1-F(P) — A

p(1—- ) F(P)(1-F g

1-gl-pg _ (1=F(QIP))(1-F(PAQ)) _. p
q pq F(Q[P)F(PAQ) '

Solving, where we indicate the right-hand-sides of each equation above by A and B respec-
tively:

14+ /B/(A+1)
1++/B-(A+1)
1

My /B Ay

Substituting back into 14 and simplifying:

V(E(P),F(Q | P),F(PAQ))
— 2105 (\/F(P)F(@| PIF(PAQ)+ /1~ F(PIFQ | P)(1-F(P Q) ).

Numerical estimation

Explicitly deriving the violation metrics for other checkers from Equation (4) is infeasible by
hand, and the expressions yielded by SymPy are very convoluted. For these checks, we use a
numerical algorithm based on solving a differential equation for p;(t), as detailed below.

The arbitraging process may be understood as adjusting market prices in such a way that
the scores in each possible w € () remain equal throughout the process — i.e. such that their
derivatives remain equal. For derivatives p/(¢) of the prices, the derivatives of each score

sl (t) are:
Py (t)
s,(t) = [aw1(p1) -+ awn(pn)]- |
Ph(t)
Where
Sl<pi> if Ww; = T,
awi(pi) = § —s' (1 —p;) ifw; =1,
0 if Wy = N/A

awi(p;)] (with Q rows and n columns), we have the derivative of the

Then, where A(p) = [aw;
= A(p)p/(t). We want s'(t) to be a multiple of [I --- 1] to ensure it

score vector s'(t)
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is the same in all outcomes w — the coefficient of proportionality does not matter (it just
controls the “speed” at which you reach the arbitraged probabilities), so we can just solve

p(t) = A8/ (1).

The dynamics of the arbitraging process are then simply:

p;(0) = F(z;) (initial conditions)

Which we run until det A reaches 0, which is when consistency is reached.

6.8.3 FREQUENTIST CONSISTENCY METRIC

In a deterministic world, we cannot let any inconsistency pass; every time we prove any
rule of probability does not hold exactly, we must discard the forecaster as flawed. This is
too strict for the consistency check framework to be useful. Instead, we propose a violation
metric and the corresponding inconsistency threshold based on statistical hypothesis testing.

Assume that each event P has a true probability value T(P), say under some world model
that accounts for aleatoric uncertainty.

Definition 6.2 (Frequentist consistency). A frequentist-consistent forecaster F samples
a Gaussian estimate T(P) + ¢ of each event P, with variance o*T(P)(1 —T(P)) for a
hyperparameter o?:

F(P) — T(P) ~ N (0,6°T(P)(1-T(P))) independently for all events P.  (15)

This is principled from the frequentist perspective. Consider a forecaster that just samples
the (relevant subset of) the world n times using the best available world simulator, and
estimates the probability of each event P as the proportion of times that P occurs in the
n samples. If we estimate the probability as the average chance of an event P with true
probability p occurring out of n times, then this estimate has a scaled binomial distribution
with mean p and variance p(1 — p)/n. To reach Equation (15), replace the averaged binomial
with the Gaussian of the same variance, and denote o2 :=1/n.

This simple model enables us to derive hypothesis tests for each of the consistency checks
described in Table 1. The null hypothesis is always that the forecaster is frequentist-consistent.
Note that o2 is not our estimate of the variance of any forecaster; it is just a hyperparameter
that controls how strict our null hypothesis is. We leave estimating the variance of a particular
forecaster and testing frequentist consistency based on that alone to future work.

Notation The expression aN(0,c¢?) denotes a Gaussian random variable with mean 0 and
variance a?c?. The expression aN(0,c?) + bN(0,c?) denotes a Gaussian random variable
with mean 0 and variance a?c? + b?c2. All sums range over the cyclic permutations of
the variables under the sum. All N(0,c?) terms appearing with the same power of o are
independent. Two N(0,¢?) terms appearing with a different power of o may be correlated;
this is not important for our purposes, since we discard high-order powers of o.

Bootstrapping the true probability The final expressions for hypothesis test statistics
might involve the true probability T(P). It is not available, so we just plug in IF(P) for
T(P) in the end. If we had a prior on T(P), we could combine it with IF(P) to get a more
robust estimate.
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Negation We take the violation metric and the corresponding threshold as to produce a
hypothesis test against this:
F(P)4+F(-P)—1=T(P)+e1+T(-P)+ea—1=c¢1+¢2
~N (0,0*(T(P)(1 =T(P)) + T(=P)(1 - T(=P))))

We estimate the unknown T values with the corresponding IF estimates. Note that, although
T(P) =1-—T(—=P), it is of course not necessarily the case that F(P) =1 —IF(=P).

The error distribution is oN (IF(P)(1 —F(P)) + F(=P)(1 —F(=P))), and the two-sided test
is

[F(P) + F(~P) 1| <70/ (1 - F(P))E(P) + (1 ~ F(~P))F(~P)

for some scale factor 4 (number of standard deviations) that scales the power of the test.
For example, v = 2.58 gives a 99%-confidence interval.

We now want to compute some consistency violation metric that makes inconsistency
comparable across different checks. The natural idea is to aggregate all terms dependent
on [F to one side; and make the hypothesis test be just some threshold on the computed
violation metric.

It is possible that the denominator of the resulting expression is 0 when the forecaster is
certain and F is 0 or 1; to avoid division with zero, we add a small regularization term
Buiy = 1073, See the last paragraph of this section for a discussion of hyperparameters.

Our consistency violation metric is then:

[F(P)+ F(-P) —1|
VA —E(P))E(P) + (1~ F(=P))F(=P) + Bun

UNEGATION =

The hyperparameter o2 determines how strict we are with rejecting inconsistencies which

could be attributed to “noisy” predictions. Note that the violation metric itself does not

depend on 2.

A violation (inconsistency), therefore, occurs when:

UNEGATION >~ YO -

CondCond This is a more complex consistency check; we derive the hypothesis test and
violation metric in detail below. For the other checks, we just report the short derivation.

(a,b,¢,d) = (T(P), T(Q| P),T(R| PAQ), T(PAQAR))
(' V,d,d)=(F(P),F(Q|P),F(R| PAQ),F(PANQAR))

We can write:

F(P) =N (0,0%(1 —a)) +a,

F(Q | P) =N (0,0%(1—b)) +b,
F(R|PAQ)=N(0,0%(1-¢)) +c,
F(PAQAR) =N(0,0%d(1—d)) +d
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We now compute the difference of the two expressions that should be equal. All sums and
products are cyclic over a, b, c.

F(P)F(Q| P)YF(R| PAQ) —F(PAQAR) = abc—d
+0 (Z beN(0, a(1 —a)) — N(0,d(1 — d)))
+ o2 i N(0,b(1 —b))N(0, ¢(1 —¢))
+ 03ﬁ N(0,a(1 —a)).

In the above, all Gaussians with the same variance are identical, and all other combinations
are independent. As abc —d = 0 by the law of total probability, the leading error term is
next to o. This is a Gaussian with mean 0 and standard deviation:

0’\/2[)262@(1 —a)+d(1-d)= 0\/achbc(1 —a)+d(1—d)

We now discard the terms of 02, 02, and in general any higher order power of o. This is
principled because the coefficients can always be (in some confidence interval) upper bounded
by a constant independent of 0. Hence, if ¢ is small enough, the resulting test will be very
close to the true hypothesis test.

We do not have the true probabilities a, b, ¢, d, so we just plug in (a’, ¥, ,d") = (F(P),F(Q |
P),F(R| PAQ),F(PAQAR)). ?® Thus the hypothesis test is (where the sum is cyclic
/

over a’, b/, ):

ld'b'd —d| > ~yo a’b’c’Zb’c’(l —ad)+d(1-d)

a/

Our violation metric is then:
la’b'¢ — d|
Va0 (1T—a)+d(1—d) + Bun
where again (a’,V/,¢,d’) = (F(P),F(Q | P),F(R| PAQ),F(PAQAR)) are the forecasts.

VUCoNDCOND —

Cond Similarly as for CONDCOND: we denote (a,b,c) = (T(P), T(P | Q),T(PAQ)) and
the associated (a’,¥’,c') for the forecasts. Then we can compute

F(P)F(Q | P)—F(PAQ)
=ab—c+ 0 (bN(0,a(1 —a))+aN(0,b(1 —b)) —N(0,¢(1 —¢)))
+ 2N(0,a(1 — a))N(0,b(1 —b)).

The term next to o is a Gaussian with mean 0 and standard deviation:

0\/a2b(1 —b)+b%a(l—a)+c(l—c) = U\/ab (a(1=0b)+b(1—a))+c(l—c).

Again, we have to plug in (d/, V', ') = (F(P),F(Q | P),F(P AQ)) instead of (a,b,c).

28Depending on how we use the relation abc = d, we can end up with different expressions in the
end. We choose the one that, after plugging in, (i) yields an expression for variance that is always
nonnegative, and (ii) is not a polynomial multiple of any single value of F.
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Our violation metric is then:
; B la'y’ — |
CoND \/a’b/ 1—b/)—|—b’(1—a)) —|—c’(1—c/) +6MIN

And the test is again, for a suitable v corresponding to the desired power of the test:

VConp -~ YO

Paraphrase Here we can simply check whether P and @ are the same.

F(P)~F(Q) = T(P) + &1~ T(Q) — &3
= e1 — &2 ~ N (0,0%((T(P)(1 - T(P)) + (T(Q)(1 - T(Q))

This yields the following violation metric:

[F(P) —F(Q)|
P(P)(l _IF(P)) + (]F(Q)(l _]F(Q)) + 5MIN

UPARAPHRASE — \/(

AndOr
F(P)+F(Q) - F(PVQ) ~F(PAQ)
=T(P)+T(Q)-T(PVQ)-T(PAQ)+e1+e2—¢e3—¢4
=c1ter—e3—¢éy
~ N (0,0% (T(P)(1-T(P)) + T(Q)(1-T(Q))
+T(PVQ)(1-T(PVQ))+T(PAQ)(1-T(PAQ)))).

We again plug in F instead of T to compute the error term allowed: yov/ M where

M = F(P)(1 - F(P)) + F(Q)(1 - F(Q) + F(PV Q)(1— F(PV Q)+
F(PAQ)(1-F(PAQ))

and violation metric:

[F(P) +F(Q) —F(PVQ)-F(PAQ)|

fAnpOR \/]F(P)(l—]F(P))+]F( J1-F(Q)+
F(PVQ)1-F(PVQ))+F(PAQ)(1-F(PAQ))+ Punx

But

F(PVQ)—F(P)—F(-PAQ)=T(PVQ)—T(P)-~T(~-PAQ)+e; —cy —e3 =
€1 — €9 —E3 ~

N (0,0*((T(PVQ)(1=T(PVQ))+ (T(P)(1-T(P)) + (T(-PAQ)(1-T(=PAQ)))

with error term:

70 \[F(PVQ)(1~F(PV Q)+ F(P)(1—F(P) + F(-P AQ)(1 - F(~P A Q)

and violation metric:

[F(PVQ)-TF(P)-F(-PAQ)|

UButr —

VEPVQ)(1-F(PVQ))+F(P)(1-F(P) +F(-PAQ)(1-F(=P AQ) + fun
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Consequence In the case of inequalities involving <, there are two ways in which the
consistency check can be passed. If F(P) < IF(Q), the consistency check is automatically
passed. Otherwise, we check for pseudo-equality using the same violation metric as in
PARAPHRASE.

[F(P) —F(Q)|
P)) + IF(Q)(I - ]F(Q)) + Bun
where [[F(P) > F(Q)] is the Iverson Bracket (1 if true, 0 otherwise).

VUCONSEQUENCE — []F(P) > ]F(Q>] \/]F(P)(l — ]F(

And Similarly to CONSEQUENCE, if the chain of strict inequalities
max(F(P) + F(Q) — 1,0) < F(P A Q) < min(F(P), F(Q))

holds, then the check automatically passes. We set vaxp rws = 0 and vaxp gus = 0 if it
passes the first and second strict inequality respectively.

If not, then we test for pseudo-equality for the violating pair:
LHS : max(F(P) +F(Q) —1,0) = F(PAQ)

RHS : F(P A Q) = min(FF(P),F(Q))

Equality check if it fails the first inequality:

70\/]1:(13)(1 —F(P)) +F(Q)(1-F(Q)) +F(PAQ)(1-F(PAQ))
if F(P) +F(Q) —1> 0,

N/A
otherwise pass as F(PAQ) > 0.

€LHs =

UAND_ LHS — [IF(P) +1F(Q) -1> ]F(P/\Q)}
F(P) +F(Q) -1 -F(PAQ)
\/]F(P)(l _]F(P)) +]F(Q)(1 _]F(Q)) +]F(P/\Q)(1 - ]F(P/\ Q)) +/8MIN

Equality check if it fails the second inequality:
Define IF(R) = min(F(P),F(Q)).

rns = 104 F(P AQ)(1 - F(P A Q) + F(R)(1 +F(R))
F(PAQ)—TF(R)

Vanp rus = [F(R) < F(PAQ)] VE(PAQ)(1—F(PAQ)) +F(R)(1—F(R)) + Bun

Consistency is violated if either inequality is violated, and the respective hypothesis test for
pseudo-equality fails. We use vanp 1us for the first and vayp gug for the second inequality.
We define vpyp = maX{”ANDfLIIS? rUANDiRIIS}'

Or We proceed similarly as for AND.

If the strict inequality max(FF(P),F(Q)) < F(PV Q) < min(1,F(P) 4+ F(Q)) holds, then it
automatically passes. We set vogr 1ns = 0 and vor_gns = 0 if it passes the first and second
strict inequality respectively.

If not, we test for pseudo-equality:

LHS : max(F(P), F(Q)) = F(PV Q)
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RHS : F(PV Q) = min(1, F(P) + F(Q)).
Equality check LHS: Define F(S) = max(IF(P),F(Q)).

euis = 10/ F(8) (1= F(8)) + F(PV Q) (1 - F(Pv Q)

F(S) - F(PV Q)
\/]F(S)(l _IF(S)) +IF(P\/Q)(1_]F(P\/Q)) +ﬂMIN

VOR_ LHS — []P(S) > ]F(PVQ)]

Equality check RHS:

70\/]13(13 V@)1 -F(PVQ))+FP)(1-F(P))+FQ)(1-FQ))
if F(P)+F(Q) <1,

N/A
otherwise pass as F(PV Q) < 1.

ERHS =

VOr_RrHS = [IF(P) +1F(Q) < ]F(P\/Q)]
F(PvQ)—F(P)-F(Q)
VEPVQ)(1-F(PVQ))+F(P)(1-F(P)+FQ)(1-F(Q)) + S

Consistency is violated if either inequality is violated, and the subsequent hypothesis test
for pseudo-equality fails. We use vog ug for the first and vog grug for the second inequality.
Analogously to AND, define vor = max{vor rus,VOr rus}-

ExpEvidence Write (a,b,¢,d) = (T(P),T(P|Q),T(P|-Q),T(Q)); then

Vd +Jd(1—-d)—d
=(b+oNB(1-0))(d+oN(d(1—4d)))
+ (c+oN(c(l1—¢)))(1—d—oN(d(1-4d)))
—(a+0oN(a(l—a)))
= (bd+c(l1—d)—a)
+ o [dN(b(1-0))
+ (b—c)N(d(1—d))
+(1-d)N(c(1-¢))
—N(a(1-a))]
+ 0(c?)

gives us a normal distribution with standard deviation

ofa(l—a) + d2b(1—b) + (1 - d)2e(1 —c) + (b—)2d(1 - d).
The violation metric is then:

lbd + (1 — d) — a
ov/a(l—a) +d2b(1 —b) + (1 —d)2c(1 —¢) + (b—¢)2d(1 — d).
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Algorithm 3 ArbitrageForecaster algorithm: (IF)5

input =

p < F(z) > Query base forecaster

w1 .

for (R;,S;, J;) in C do
(z,x2,...2p) < Ji(x) > Instantiate tuple of size n = ng,
(p2y...pn) < (F(x2),...F(xy)) > Query base forecaster on tuple
(p,p2,...pn) < Agw’l""l)(p,pg, .. Dn) > arbitrage the forecasts as per Def 4
w—w+n-—1 > p now carries information from n — 1 other markets

end for

return p

Hyperparameters for hypothesis testing Our goal is for the rejection criteria to be
similar to the arbitrage violation metric in Section 6.8.2 on simple examples. We choose
~ = 2.58 for all checks, to ensure 99%-confidence intervals for two-sided tests; future work
may consider using a different ~ for checks that require one-sided tests. We pick o = 0.05
(corresponding to n = 400 in Definition 6.2). The allowed violation threshold for all checks
is then yo = 0.129. For reference, a NEGATION pair (IF(P),F(=P)) = (0.5,0.59) has a
violation metric of 0.128, and would thus not be rejected as inconsistent. This closely
corresponds to the tolerance threshold of 1072 of profit for the arbitrage metric, described
in Section 6.2.1.

We pick Sy = 1073 because LLM forecasters from Halawi et al. (2024a) answer with at
most 3 digits of precision for events close to 0 and 1 in probability.

6.8.4 ARBITRAGEFORECASTER

)

To formally define ArbitrageForecaster, we need to first formalize our “instantiation’
process mathematically:

Definition 6.3 (Tuple sampler). Let R : Prop™ — {T, L}, S : Forecast™ — {T,L} be a
consistency check. Then we call J : Prop ~» Prop” a “single-base-question tuple sampler”
for R if for all x, J(z)1 = x and R(J (x)) holds surely.

A multiple-base-question tuple sampler Z : Prop™ — Prop”, like our instantiation pro-
cess, can simply be composed with a question sampler G : Prop ~~ Prop (e.g a syn-
thetic generator or a sampler from our dataset) to produce a single-base-question sampler

J(x) :=Z(z,G(x),...G(x)).

Next, in order to correctly handle sequentially arbitraging checks and prevent bias towards
later applied checks, we need to introduce “weighted” arbitraging. This follows easily from
Eq 6.1 by simply having the scoring rule for each question z be w, log(p). We denote the

calculation of arbitraged probabilities under these weighted scoring rules by A(®1:--wn),

Definition 6.4 (ArbitrageForecaster). Let [F : Prop — Forecast be the “Base Forecaster”,

and let C := [(R1,S1,71), ...(Ri, Sk, Jir)] be a list of consistency checks along with respective
single-base-question tuple samplers. Then we construct a new forecaster (IF) & : Prop —
Forecast that produces its forecast for a given question z as given in Algorithm 3; we call

this the ArbitrageForecaster with base IF and check list C.

The first thing we observe is that this isn’t necessarily robust to different instantiations. For
this reason, we a priori expect that ArbitrageForecaster will be more effective on

We might hope that the ArbitrageForecaster introduced in Def 6.4 would be defini-
tionally consistent on the checks it is arbitraged on. However, this is not the case even
for ArbitrageForecaster applied to a single check R(x1,...xy), because the tuple of
forecasts that is arbitraged to compute <]F>(R s, j)(acl), the tuple arbitraged to compute

(F)(r,s,7)(x2), ..., the tuple arbitraged to compute (IF)(z s 7)(7n) are all different. While
the tuple instantiated to compute (F)z s 7)(21) could indeed be J(z1) = (v1,...7,) (at
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least if the tuple sampler J is deterministic and happens to be the same as the one used in
the instantiation of the check), the tuples instantiated to compute (IF)( s, 7)(xi) for i # 1

will be J (z;), all of which are different from one another.

To make this concrete, consider the simplest case of (IF) p (where P is short for PARAPHRASE);
let para be a deterministic tuple-sampler for PARAPHRASE. (IF)p(z) is calculated by arbi-
traging IF(z) and F(para(z)). But F(para(z)) is calculated by arbitraging IF(para(z)) and
F(para(para(z))).

A priori, this gives us the following hypothesis: ArbitrageForecaster will be especially
effective for fundamentally “symmetric” checks like Negation — where neg(neg(P))
is likely to be a very similar sentence to P. Although we have not conducted a full scale
experiment of ArbitrageForecaster with each checker, our preliminary results in Table 5
do suggest very good performance of ArbitrageForecaster on NEGATION.

Suppose, however, that we had an “extended” ArbitrageForecaster that made its forecast
for  based on the tuple (x, para(z), para®(z),...para” (z)) — then its forecast for para(z)
would be based on (para(z),para?(x),...para” ! (x) — these tuples would be “almost” the
same, except with para”*!(z) instead of z, and this extended ArbitrageForecaster would
be “almost” consistent on PARAPHRASE.

This is precisely the idea behind recursively applying ArbitrageForecaster to itself: we
recursively define (F)"(z) := A((F)"~'(J(z);) for i = 1,...n) — then 4f this iteration
approaches a fixed point, this fixed point (IF)*° is consistent. More precisely:

Theorem 6.5 (Consistency of recursive ArbitrageForecaster). Let (R,S,J) be an n-ary
consistency check and a corresponding deterministic tuple sampler satisfying Def 6.3, and
have A(p1,...pn) and V(p1,...pn) denote the arbitraging function and arbitrage metric
corresponding to R as per Def 6.1 under a logarithmic scoring rule. Then, for some “base
forecaster” (F)? = FF, recursively define

(F)"(z) := A(EY" YT (2);) fori=1,...n)

If this iteration converges pointwise in log-odds space — i.e. if for all x € Prop, the sequence
(F)" () has a limit strictly between 0 and 1, then V((F)"(J (z);) fori=1,...n) — 0.

Proof. Recall as per Def 6.1 that, where () is the set of possible outcomes allowed by R:
V(E)" (J(z);) for i =1,...n)

n

Since (FF)"(z) converges to something that is neither 0 nor 1, so do log(IF)"(z) and log(1 —
(F)"(x)). And as this is true for all z, so in particular it is true for J(z);. Thus the
expression above is a finite sum of terms that each approach 0. O

This is a somewhat weak result: other than for NEGATION and PARAPHRASE, none of our
static consistency checks involved a deterministic instantiation process — they all require
sampling other related base questions, and having the checks use the same instantiation
process as the ArbitrageForecaster would be cheating.

Furthermore, this gives us no actual conditions for the convergence of the iteration. At least
for PARAPHRASE, we have the following — where logodds p denotes log ﬁ:
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Theorem 6.6 (Convergence of recursive ArbitrageForecaster for PARAPHRASE). If the
sequence a; = log odds F(para®(x)) is convergent, then the condition of Theorem 6.5 holds for
the recursive ArbitrageForecaster defined arbitraged on PARAPHRASE with tuple sampler
para.

Proof. Recall from Sec 6.8.2 that the arbitraged probability for PARAPHRASE is simply the

average of the original probabilities in log-odds space, i.e. logodds A(F(z),F(para(z))) =

log odds F(z)+log odds F(para(z))
2

. We can apply this recursively to get:

T

(F)"(z) = %Z <:) log odds F(para’(z))

=0

Which is simply a binomial moving average of log oddle(parai(x)) = a;, and converges iff a;
does. Convergence in log-odds space is equivalent to convergence of probability to something
other than 0 or 1, so the result follows. O

Choices of experiments A single call to (IF)z, where C = [(R1,81,71), -..(Rig, Sie, T )],
involves 1+ Y ;(ng, — 1) calls to FF, plus at least Y _;(mg, + ngr, —2) (where mg, is the
number of separate base questions that must be generated synthetically in each tuple) LLM
calls for the J;s.

For all the checks listed in Table 1, this amounts to a total of 49 LLM calls per question.
For a recursive ArbitrageForecaster set-up of depth r, this amounts to 49" LLM calls per
question, which can get prohibitively expensive. Even on gpt-4o-mini and assuming =~ 600
input tokens and 600 output tokens on average, this amounts to = $0.02 per question at
depth » = 1, and = $2500 per question at depth r = 4.

Furthermore, it was not clear that experimenting on all checks made logical sense: recursive
ArbitrageForecaster set-ups with COND, CONDCOND and EXPEVIDENCE would involve
forms like P | (Q | R), which do not have a basis in probability theory. We decided
to prioritize studying the following hypotheses and research questions, motivated by the
theoretical discussion above:

1. We hypothesised above that ArbitrageForecaster will be particularly effective
on checks that are symmetric and have deterministic instantiations — thus
we studied (gpt-4o0-mini)Ngcarion-

2. We hypothesized that there would be consistency gains from increasing depth
r — thus we studied recursive ArbitrageForecaster setups on NEGATION an PARA-
PHRASE, where it was most practical to.

3. We were interested to know if the consistency gains observed when arbitraging
on one check alone would persist after arbitraging on a sequence of checks
— to predict if this would hold when arbitraging on the full sequence of checks, we did
a preliminary run of (gpt-4o-mini)Npgarion,Parapurase and tested if it maintains
consistency on NEGATION and PARAPHRASE.

4. We expected (F)gxpEvidence t0 improve ground truth and consistency
scores across the board. This is based on our intuition that arbitraging on
EXPEVIDENCE essentially “informs” the forecast on a question z with consideration
information y — except instead of subjectively feeding this information (e.g. in chain-
of-thought), it adjusts for it via a strict probabilistic rule. Although a recursive
setup would not make sense for EXPEVIDENCE, (F) (pxpEvipence]« SImply sequentially
arbitrages on EXPEVIDENCE repeatedly (breaking the seed each time to ensure unique
new questions y), which amounts to informing the forecast for  with information
Y1, Y2 ete.

The results reported in Sec 6.5 of the main body and 6.8.4 of the Appendix provide evidence

in favour of hypotheses 1 and 2, answer 3 in the affirmative, and do not provide clear evidence
on 4.
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Future work should compare <]F>[EXPEVIDENCE] against a comparable chain-of-thought model
in which the forecaster is asked to consider these related questions before it makes its forecast.

Results tables for ArbitrageForecaster

Consistency violation and ground truth results for each of the ArbitrageForecaster config-
urations we experimented with are reported in Tables 5, 6, 7 and 8. The results included
are for the NewsAPI dataset and the arbitrage metric. Results for the scraped and 2028
synthetic datasets (??), as well as for the frequentist metric, look very similar; they are
available in the supplementary data of this paper.

Table 5: Consistency results (arbitrage metric) for (gpt-4o-mini){ .oy (denoted CF-Nr)
forecasters on NewsAPI questions.

Check gpt-4o-mini CF-N1 CF-N2 CF-N3 CF-N4
Avg Frac Avg Frac Avg Frac Avg Frac Avg Frac
NEGATION 0.036 43% 0.012 33% 0.007 22% 0.004 1% 0.004 9%

PARAPHRASE 0.013 27% 0.012 36% 0.008 23% 0.006 16% 0.005 17%
CoONDCOND 0.084 85% 0.111 88% 0.121 91% 0.129 94% 0.136 93%
ExXPEVIDENCE 0.015 27% 0.009 35% 0.008 25% 0.007 26% 0.007 25%
CONSEQUENCE 0.005 10% 0.003 9% 0.003 7% 0.002 4% 0.001 3%

AND 0.006 20% 0.019 45% 0.027 53% 0.031 59% 0.035 65%
Or 0.007 13% 0.004 10% 0.002 6% 0.002 6% 0.001 4%
ANDOR 0.017 38% 0.024 58% 0.031 61% 0.033 67% 0.035 66%
Bur 0.053 75% 0.081 84% 0.091 89% 0.100 88% 0.107 91%
CoND 0.062 88% 0.085 92% 0.107 91% 0.119 94% 0.131 96%
aggregated 0.030 0.036 0.041 0.043 0.046

Brier score 0.185 0.204 0.202 0.201 0.201

Table 6: Consistency results (arbitrage metric) for (gpt-4o-mini)p, ;. purase (denoted CF-Pr)
forecasters on NewsAPI questions.

Check gpt—-4o-mini CF-P1 CF-P2 CF-P3 CF-P4
Avg Frac Avg Frac Avg Frac Avg Frac Avg Frac
NEGATION 0.036 43% 0.028 49% 0.026 50% 0.023 46% 0.024 44%

PARAPHRASE 0.013 27% 0.006 22% 0.004 11% 0.002 6% 0.002 3%
CoONDCOND 0.084 85% 0.083 83% 0.079 85% 0.080 83% 0.079 84%
ExPEVIDENCE 0.015 27% 0.014 28% 0.012 24% 0.011 28% 0.012 28%
CONSEQUENCE 0.005 10% 0.002 4% 0.001 3% 0.001 2% 0.001 2%

AND 0.006 20% 0.004 12% 0.005 13% 0.004 12% 0.004 12%
Or 0.007 13% 0.005 10% 0.004 9% 0.003 10% 0.003 9%
ANDOR 0.017 38% 0.015 41% 0.014 42% 0.013 39% 0.013 39%
Bur 0.053 75% 0.053 76% 0.049 77% 0.051 79% 0.048 79%
COND 0.062 88% 0.066 93% 0.071 95% 0.069 95% 0.071 95%
aggregated 0.030 0.028 0.026 0.026 0.026

Brier score 0.185 0.176 0.175 0.174 0.175
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Table 7: Consistency results (arbitrage metric) for <gpt—4o—m1n1>[rNE GATION,PARAPHRASE] (de-

noted CF-NPr) forecasters on NewsAPI questions.
Check gpt-4o-mini CF-NP1 CF-NP2 CF-NP3 CF-NP4

Avg Frac  Avg Frac  Avg Frac  Avg Frac  Avg Frac

NEGATION 0.036 43% 0.014 30% 0.007 18% 0.004 9% 0.003 6%
PARAPHRASE 0.013  27% 0.006 17% 0.003 7% 0.002 2% 0.001 2%
CoNDCOND 0.084 85% 0.095 90% 0.096 86% 0.108 94% 0.115 94%
EXPEVIDENCE 0.015 27% 0.010 27% 0.007 27% 0.006 22% 0.005 21%
CONSEQUENCE 0.005 10% 0.003 7% 0.001 3% 0.001 2% 0.001 0%
AND 0.006 20% 0.011 30% 0.010 28% 0.011 34% 0.012 39%
Or 0.007 13% 0.004 1% 0.002 5% 0.001 4% 0.001 2%
ANDOR 0.017 38% 0.017 43% 0.016 46% 0.016 46% 0.016 47%
Bur 0.053 75% 0.070 85% 0.072 91% 0.077 91% 0.083 97%
CoND 0.062 88% 0.082 96% 0.076 97% 0.076 97% 0.077 98%
aggregated 0.030 0.031 0.029 0.030 0.031
Brier score 0.185 0.188 0.195 0.200 0.202

Table 8: Consistency results (arbitrage metric) for (gpt-4o-mini)pyxppyvipence]«

(denoted CF-rxEEL) forecasters on NewsAPT questions.
Check gpt—-4o-mini  CF-IxEE1 CF-2xEE1 CF-3xEE1 CF-4xEE1

Avg Frac  Avg Frac Avg Frac  Avg Frac  Avg Frac

NEGATION 0.036 43% 0.030 51% 0.026 49% 0.024 50% 0.025 53%
PARAPHRASE  0.013  27% 0.008 22% 0.006 22% 0.005 19% 0.005 18%
CoNDCOND 0.084 85% 0.057 82% 0.053 79% 0.050 76% 0.044 74%
EXPEVIDENCE 0.015 27% 0.008 22% 0.007 19% 0.007 16% 0.007 20%
CONSEQUENCE 0.005 10% 0.003 8% 0.002 7% 0.002 5% 0.002 6%
AND 0.006 20% 0.002 6% 0.002 6% 0.002 4% 0.001 5%
Or 0.007 13% 0.004 9% 0.003 8% 0.002 8% 0.003 9%
ANDOR 0.017 38% 0.014 42% 0.011 39% 0.010 34% 0.011 35%
Bur 0.053 75% 0.040 71% 0.039 74% 0.040 77% 0.035 68%
CoND 0.062 88% 0.049 88% 0.046 89% 0.044 88% 0.040 87%
aggregated 0.030 0.021 0.020 0.019 0.017
Brier score 0.185 0.172 0.171 0.171 0.173
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